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LIL. A Demonfiration cf the Second Rule in
the Effay towards the Solution of a Pro-
blem in the Loclrine of Chances, publifbed

“in the Plilofopbical Tranfattions, Vol. LIIL
Communicated 6y the Rev. Mpr. Richard
Price, 2 a Letter to My, John Canton,
M. A. F.RS. |

Dear Sir, Nov. 26, 1764.

Read Dec. 6, Y Send you the following Supplement to the

’_76*' 1 Effay on a Problem in the Doltrine of
Chances, hoping that you may not think it improper to
be communicated to the Royal Society. I thould not
have troubled you again in this way had I not found
that fome additions to my former papers were neceflary
in order to explain fome paffages inthem, and particular-
ly what is hinted in the note at the end of the Appendix.
« I have firft given the deduction of Mr, Bayes's fe-
¢« cond rule chiefly in his own words; and then
¢ added, as briefly as poffible, the demonftrations of
¢ feveral propofitions, which feem to improve con-
« fiderably the folution of the problem, and to throw
« light on the nature of the curve by the quadrature
«« of which this folution is obtained.” Perhaps,
there is no reafon for being very anxious about pro-
ceeding to further improvements. It would, how-
ever, be very agreeable to me to fee a yet ecafier and
nearer approximation to the value of the two feries’s
in the firft rule: but this I moft leave abler perfons

to feek, chufing now entirely to drop this fubjet.
The
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The folution of the problem enquired after in the
papers I have fent you has, I think, been hitherto 2
defideratun in philofophy of fome confequence. To
this we are now in a great meafure helped by the
abilities and fkill of our late worthy friend; and
thus are furnithed with a neceflary guide in deter-
mining the natare and proportions of unkmown
caufes from their effe€s, and an effeual guard
again{t one great danger to which philofophers are
fubje@ ; I mean, the danger of founding conclufions
on an infufficient induction, and of receiving juft
conclufions with more aflurance than the number of
experiments will warrant. I am, under a fenfe of
the value of your friendthip, heartily yours,

Richard Price.

Vor. LIV, Q q ART,
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St L ERFT T YN

Q™

RT. 1. If the curtve ADH be divided into
two parts by the ordinate D 4 making A b to

Hbas pistog; then taking o — iand.é -—i- the
2+ I

ratio of the Area ADA to HO wx]l be a x 57 x
1
g p gXg—==T X p* 4+ g X g=T X g2 X p*

pta +P+2XP+3><§’ P+2><P+3><P+4-><§

ptI Pr2q=1

+ &c. For the feries »  r 4Ly s xr
p+r PFT T

-} &e¢. in Prop: 10. Art. 2. of the Effay, which ex-
prefles the ratio of A C f to HO, becomes this feries
when x — ¢ .:.—’i- é—-r*—--z—; that is when

Cf
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C f has moved till it coincides with D4 and AC f

becomes AD#. In like manner, from Art. 3. in
the Effay, it appears that the ratio of H D&woHOIs
‘ =T

Pf+!
T X +q+z ?+q+z g¥3 X 37

o+ &e.
Fromhenceit foll_owsthat the ratio of the difference

? 1
between AD bandHD 5 to HH Oisa 4 multiplied by

"

the difference between the feries rr + rerer
X P_.......—- + zﬂ:;..‘.—)f_i.__. - + @f-

PET24 ° praxptaxpetHig

and the feries - ¢ pX q—-—'";....'—._.-_...._.. 1
. ' 5’+’+9+I><M+2P+
pxp—1 X4t

g+1xg+2xp” g+3p*+&? o
the former feries being to be fubftralted from the
latter, if H D 4 is greater than A D b, and wice verfa.

2, The ratio of any term in the former of the two
foregoing feries to that which next but one follows

the correfpondent term in the latter is rete

_ 2Xyg
patap. Py BIFIP PG POt 4P
Pxg gp + 49 P§—9q P?+2g- Pg—2yg
pe—p  petst. Peg—2p ,Pg+0P .

X o137 X p0—3¢ X pgiag X pg—gg Co-taking
twice as many terms and four over as there are units
in the number which exprefles the diftance of the

term in the former feries from its firft term ; which

Qq 2 ratio
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ratio if ¢ be greater than p, it is evident muft be
greater than the ratio of equality. Wherefore, if
from the fecond feries you fubftradt the two firft
terms which together are lefs than two, the remainder
is lefs than the former feries; and of confequence, the
former feries fubftradted from the latter cannot leave
a remainder fo great as two. And therefore in this
cale, that is, when ¢ is greater than p, by the pre-
ceding article, the ratio of HDA—~ADAto HO

. ?q
cannot be fo great as_245 .

%

3. The curve A D H being as before divided inte
two parts AD b and HD A, let the ordinates C £
and F 7 be placed on cach fide of D 4 and at the
fame diftance from it, and let = be the ratio of 2 f
orbzto AH., Thenif y, x and » be refpeively
the ratios of C £, A _);and H fto AH, by the nature

of the curve y—=x ', But becaufe the ratic of
Abto AHisa, and that of b fto AH is %, the
vatio of A b—5b f(=A f)to A His g—z. Where.
fore a——2z=—==x. And in like manner 4 }-z=r. But

y-_zxfri and y is the ratio of C£ to AH. Where-
fore the ratio of C fto AHis.e—2? x5 2% And
in like manner the ratio of F # to AH is a+2¢ x i—2%,

And confequently C f is to F 7 as a2 X 5327 is to
a+2f Xi—z7.

4. If qis greater than p, a4 Q¢ X F=2)%is greater
than z—2z)* X s + 2% and the ratio between them in-
creafes as  increafes.  For the hyperbotic logarithm

of
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of tiat ratio taken as ufual, and then inftead of p

and ¢ putting # a and 24 becaufe g = Land b ==L

n n

(Vid. Art. 1.) you will find to be 2 » multiplied by
. 2__ T 1)4'*——'04 éﬁ-._.’ 5

the feries m;— X 2 - STTar %2} 75":@ %2 Y.

which logarithm when ¢ is greater than g, and there-
fore 4 greater than ¢ has all its terms pofitive, and fo
much the greater as z'is greater; and therefore it is
the logarithm of a ratio greater than that of equality,
and which increafes as = incréafes.

5. By Art. 3. F 1 is to Cfas ag? x5 =2 is to
a—a % b+2. And by Art. 4. ata2f X 57 i
greater than z—2# X 53 2¥¢, and the ratic between
‘them increafes as = increafes, if gis greater than
7. Wherefore, upon this fuppofition, alfo F¢ is
greater than C /, and the ratio between them in-
creafes as  or 4 z.and 5 fincreafes, and confequently
this will be true alfo concerning the areas defcribed
by them as their equal abfciffes 5# and b f increafe.
Wherefore, when ¢ is greater than p, DAz F is
greater than D4 £ C, and the ratio betweenthem, in-
creafes as b f = b ¢ increafes.

6. Becaufe Ab is to Hbaspistog, when ¢ is
grcater than p, HJ is greater than A 5. In H b there-
ore taking b/ equalto A b, by the preceding Art.
the part of the figure H D 4 which infifts upon 4/
will be greater than A D 4, and the ratio of that part
of HD 5 to A DA will be greater than the ratio of
DAtFtoDbfC, Confequemtly, much more (¢
being greater than p) the whole figure HD 4 15
greater
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greater than AD &, and the ratio of HD A to AD b
is greater than that of DAtF to DA FC,

7. When g is greater than g, 1 —ﬁ;-;: :;' is greater

i

than 1 ——f’f'l X 14 ﬂ—;-:]?and lefs than 1 — 2% r
P . N 2z 2

® I -}—f;-‘ . For the fluxion of 1 — ”P:" is

AR Fr-

RS, ERES S and the fluxion of
Iy P q
1 — ff:f X 1+ %?(becaufe;& F g =1n)is
#dam ” z p—r nx -t
S ] x 22 Wherefore
;_?}a". isto I — ”—;r X 1 +-_f'-;-Tas the ﬂux—
ion of the former multiplied by 1 — n;: to the

P
nxz

fluxion of the latter multiplied by (1 — > X

n* 2t
ke
analogy, becaufe ¢ is greater than p, it is plain that

p ? - )
I — ’iﬂ % 1 4 25} varies at a greater rate in refpe&
? q :

z nz .o
1+£f.or)1—%—+-—é—- From which

. : 2 R
of its own magnitude than 1—."_?}_! does. And,
7

becaufe their fluxions as found out before have a ne-

gative fign before them, they both decreafe as z in-
creafes ;
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ereafes; confequently, if they are ever equal, as 2 in-
creafes the latter muft be the largeft. But when =
= o they are each equal to 1. In like manner the
other part of this article appears.  And hence, fince

4 == % and 4 — E, it is manifeft that & 57

gt o2

N, P
X1 --f;-z; = Is greater than 2 —zl x & 2 and

lefs than ¢ - :ﬂ?x b =2 ?, when ¢ is greater

than .

8. Suppofe now further that the curve R QW be
defcribed meeting the lines Db, F, bt ﬁroduccd in
R, Q, W, in fuch manner that F #, which is to C f

as 2 -}-@P x5 =2 to a—z X 6 -|—z\’(Vid. Art.
3.) fhall be to (Qas a+z}-Px T=A"t0d 6 x

1 o— %l‘;" wherever the points # and £ fall at equal

diftances from A. And it is manifeft by the foregoing

Art. that Q ¢ muft always be greater than C £, and

lefs than F 2. And of confequence the fame muft

be true concerning the areas defcribed by their mo-

tion while their equal abfciffes increafe. Wherefore

? bt Qs greater than D A £C, and lefs than D
tF, '

9. Since F ris to Qrasa -l—zlp X b — zfto
«¥x “%Fi and a + 2 x §%, (by
Art,.
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Art. 3.} exprefles the ratio of F# to AH; the ratio

of Q¢ to AH muit be'ap?;7 X I --.;_”_.":, and as
¢

has been all along fuppofed = is the ratio of 47 to
A H. Wherefore, by fquaring the curve R 51 Q, it
will appear that the ratio of R 4 # Q_to HO is

n'

27 xd n-—2 g% as B
¢b X Byt Ty XiGre Ty X

n—4 L] - n?
xzypq*+@‘ whlch(lfm T

6
21 VYipg mig? p—2 mz5 n—2
a -x”v,_.xmz—- 3 + 22 X 5 — 2n

“H—g  m ! n—a2 m—4 n—6 _ mz*
)_(3.”)(.7-1-2”7(3”)(4”.)( 5
e &3¢, Which laft feries when % = I, and con-

fequcntly the ordinate Q¢ vanithes, becomes B -
B*—1x Bs B*—1y  B*—*

B‘l’
+ zR* _"s_' B a.Bx x ige x ';' + @“d

tak_mg B* ==,

2

10. If B® =E the' ratio of the whole figure

R QWb to HO is 2L xaz»’xB....__ +

-1}%";-1 X %— - e, Now, (by Prop. 1o0. Art. 4. of

the Eflay) the ratio of ACFH to HO is — _“

p.3
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X -;f, E being the coefficient of that term of the

binomial 4+ 8" expanded in which occurs 4’4
Wherefore, theratio of RQW45h to ACFH is

— BJ B"— 5{.
f_'_*_l'_lx -‘{—ff—q ¥ E_dpéyx B -—?—‘——;ET{ X%—Lﬂ’fa

# AN _ _ .
Put G now for the coefficient of the middle term of
the fame binomial, and if p = g = i;-; E=G, ¢«

= ! ==/ thearea R Q W/ is equal to haif ACF H;
for then Q_ ¢, F#, C/areallequal, and confequently
the areas RQW 4, HDband AD . Wherefore, the

feriés B-P—j--}-ﬁs’c isec ualtd Yen X 2?3—!. But the
3 18eq nt1 TG _

feries B —— §£~ + Y. ( becaufe B* = g) does not alter

whatever p and ¢ are, whilft their fam # remains the
fame. Wherefore, in all cafes, the ratio of RQW 4

. Y
to ACFH is Xiix 228 y o,

11. By Prop. 1o, Art. 4. of the Effay, the ratio
of ACF H to HO* is -— x +; and by Art. g. the

%1
ratio o Rb# Qo HO is A x YL X m 2 —
T3 - 5 e s . :
=z ; + ”_2 _:_ xZ sz_ &, Wherefore, the ratio of

* It is hoped that the imperfeftion of the figure all along re«
ferred to will be excufed, ‘The lines R 5 and %) ¥ thould appear
equal 3 and it will be found prefently, that the curve line
ACDFH thould have been drawn from F and C convex to-
wards A H.

Vor. LIV, Rr Rhr Q_



[ 306 ]
RthtoACFHls”-Hx-»——fian& Xmz mf

82 md*2?  pe—d  n-—4 m? azy
+ 2.n x k) - Zn X i X + @C.

Likewife, by Art. ro. the ratio of R(LWZJ to

L » 2
ACFHis —-‘/—nﬁ'x E?} % 2. thr.cfore the ra-

tioof REsQto RQWhis Zt1 i YixG

xmz—f’%-i—&?c.

12. By Art. 2. 6. When ¢ is gfcater than p, the
ratio of HD 4 — AD!J to HO is lefs than
29
29°. And by Prop. 10. Att. 4. of the Effay, the

raioof ACFH oo HDA - ADb to HO is

—_x _LI- Wherefore, the fum of thefe two ratios,

n4+1-
or the ratio of 2 HDJA to HO, is lefs than -1

2+ L

244 ; and the difference between them,

Xg+s

or the ratio of 2 AD hto HO is greater than

Y
S 2 . Wherefore, the ratio of 2 HD 4
at1 B

to 2AD£: or that of HD A to ADJ5, is lefs than

pg o

- 286 1 1 24 I .
thatof ——x E+ t0 == :_X_E — =22, which
is equal to the ratio of 1 x 2E 44 4 Eab
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?q _
— 2 Ed¥ 2222, Butthe ratioof HD A to

_ 7
A DA, by Art. 6. is greater than the ratio of D 52 F
to DAFC, when g is greater than p.  Wherefore,

much more when ¢ is greater than p, the ratio of
D4tF to Db FC will be lefs than that of 1 -

? E Pb? # zEan
2 B Y 42298 to1 — 2B 8 =222 And
n o

becaufe, by Art, 8, R 457 Q is a mean between
D4¢tFand DAfC, the ratioof DAsF to R bz Q_

re
aKab

to

will be lefs than that of 1 + 2 E % +

F 4

1 —2E ¥ —2228, And the ratio of D4fC

to R b # Q_will be greater than that of 1 — 2 E &4’

| ’ Ny,
2Eab
—2=Zlto1 4 2EdY 2Eab

RULE IL

If nothing is .known of an event but that it has
happened p times and failed ¢ in p - g or # trials,
and ¢ be greater than p; and from hence I judge
that the probability of its happening in a fingle trial

: 2

i 'E £ 1 2 — —:!-— _—
lies between - and ” 4z, (if m" = e a =",

= -f;, E the coefficient of thé term in which 'oc-
curs £ 4" when 2 s expanded, and 5 =

741 vV arg 2,1 mt et p—2 owmd s
Rra2a e
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+ &e.) my chance to be in

y— 12 ?1—--4,

an 3n
the right is greater than X, and lefs than © X
.9
2,9 2 E a b
X + 2 Eadb 4 — _
. For by Act. 11. com-
2 E apbg 7

1;-—-2E 5,

pared with the value of % here fet down, the ratio
of Rh#Qto ACFHIisE. But by Art. 8. D4 F
is greater than R 4£Q, and by Art, 12. the ratio

of DbrF to R bz Qis lefs than that of 1 +-2Ed¥

4 ?‘—Eﬂ%—-ml —2Edb ,___?_%ff_ From whence
it is plam that the ratio of DAzF to ACFH is
EdsT

I-F-zEcz"cF"-%‘2

greater than X, and lefs than T x -
' altd Pyt
12E &4 ——

But, as appears from the 1ot Propofition in the Effay,
the chance that the probability of the event lies between.
-and et 2 (that is, between the ratio of Ad to

AH and that of A#to AH) is the ratio of D¢ F
to ACFH. Wherefore, the chance I am right ia
my guefs is greater than % and lefs than £ x

__ 2 F 5%

v} 2E ¥ '~

Pq‘
P .7 ZAE(J!)
o 2 E g & w7
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In like manner, 2dly, the fame things fuppofed, if I
judge that the probability of the event lies between

and 2 - %, my chance tobe right is lefs than z,
2B

) - Ea’é’-—'—';‘—. This
2Eapbf

and' greater than £ X

. 14 2B 5’-}-
i manifeft as thie other cafe, becaufe D 4 f C is lefs-
than R4£Q, but the ratio between them is greater-

a.Eab

than :hatof 12 B & tor 4-2E abg.}-

2E a8

—— ——

..
n.

adly, If, other. thmgs fuppofed as before, p is
greater than ¢, and I judge the probability of.
the event lies between . -‘2- and £ ~ 4 %, my chance

to. be_right is lefs than E and greater than L x
Ed b
—2 BN
el ol _ T‘P - But if I judge .ltllCSbC--‘
iEd4d b
1-+2E d bf.!r. e

tween -%-and -E--- 2, my chance is greater than £, and

aE:féy

1-42Ed 4 . |
. Andifp =g,
‘J.I‘.apb ’ %

1—2Ed fm

lefs than &%

which.
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which ever of thefe ways I guefs, my chance
‘15 £ exaltly. 'This may be proved in the fame
manner with the foregoing cafes, where ¢ is greater
than p, or may be proved from them by confidering
the happening and failing of an event, as the fame
with the failing and happening of its contrary.

4thly, Other things fuppofed the fame, whether ¢
be greater or lefs than p, and I judge that the proba~
bility of the event lies between % -} 2 and —ﬁ- — 2

2 L

my chance is greater than . , and
- | 1+2E4 47 2B 4

#

%

1—2 B &£¥— 2 Ed 8

lefs than This 1s an evi-

dent corollary from the cafes already determined.
And here, if p==g¢, mychance is 2 ¥ exallly.

Thus far I have tranfcribed Mr. Bayes.

1t appears, ffom the Appendix to the Effay, that
the rule here demonftrated, though of great ufe,
does not give the required chance within limits fuf-
ficiently narrow. It is therefore neceffary to look out
for a contraltion of thefe limits; and this, T think,
we fhall difcover by the help of the following de-
ducions ; which, for the fake of greater dinflintnefs,
I thall give as a continuation of the foregoing Ar-

ticles.

13. The
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T %
13. The ratio of the fluxion of 1 -”P Z \’ to the
. _ Ky '

.1 -f-!
; PEPE R
Pa¥ n 2\, _
fluxion of 1 q 1—~— is £y .
+ ? X g =1 g—17
I+nz X1 —TA
F: ¢

and the ratio of the flugion of 1 — E'IP X 14 3__?’7
. 2 ¢

p—r

L/l §
. n o nz
PRTIS Popaiia REVS z=z
— e xR
el

to the fluxion of 1 - .

1-—»‘2"‘?
? 4

This will immediately appear from Art, 7.

-—--I

14. While =z is increafing from nothing till ’-g—z:
becomes equal to unity, thefe two ratios are :\t'
fieft greater than the ratio of equality, and in-
creafe as & increafes, till they come to a muaxi-
mum. Afterwards they decreafe untill they be-
come firlt equal to the ratio of equality, and then
lefs. This is proved by finding the hyperbolic
logarithms of thefe ratios. The hyperbolic logarithm

of the firft is the feries ‘"t 21,
g 7 X nz +

?
g— I , p—1 n—2 ntz? g1 p— 1
gt~ _1: Pt P9 X +'9’ r! X
n? %} g1 p—1 2 #t g* g — 1
3 + ?4 + PQ‘ P1€1’ x F + 95'

4; ’ m——
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Tp—1_  u®al g—x . p—1i #—2 a5 z®%
"""?s X 5 + -°+P°'_P393x6
- &¢. The hyperbolic logarithm of the fecond

« & ' —1 L —
ratio is the feries — 2 X ny—L2 .1 -

. g p .
p—1 n-—2 xn‘z‘ g—1 p—1t  #nad
p* rY, 2 g? 2’ 3
g—1 p—1 #o— 2 ¥zt 5 .
. o e W A & It will ap-
q" t » A 4 t P

pear from examining thefe two feriefes (7 all along
fuppofed greater than p) that while 2 is fmall the
value of each of them is pofitive, and increafes as =
increafes. till it becomes a maximum, after which it
decreafes till it becomes nothing, and after that ne-
gative ; which demonftrates this article.

15. The former of the two ratiosin Art. 13. (¢ be-
ing greater than p) is at firft, while z is increafing
from nothing, lefs than the fecond ratio; and does
not become equal to it, till fome time after both
ratios have been the greateft poffible.

Upon confidering the two feriefes in the Jaft Art. it
will appear that the firft term of the firft feries is always
pofitive, the fecond negative, the third alfo negative,
after which the terms become alternately pofitive and
negative. On the other hand, it will appear thatin the
fecond feries the two firft terms are always pofitive,
and all that follow negative. But as the feriefes con-
verge very faft when 2 is fmall, the fecond term
being negative in the firft feries and pofitive in the
fecond, has a greater effect in making the firft feries
lefs than the fecond, than can be compenfated for by
the terms being afterwards alternately negative and

I - pofitive
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pofitive in the one, and all negative in the other, It
will further appear from confidering thefe feriefes, that
the firft muft continue lefs than the fecond ’till = be-
comes {o large as to make the fourth term equal to
the fecond, in which circumftances the two feriefes
are nearly equal. Afterwards, as = goes on to in~
creafe, the value of both leflens continually ; but the
fecond now. decreafing fafteft, as before it increafed.
fafteft, becomes firft nothing. After which, the
other feries becomes nothing; and after that both
remain negative. From hence it is eafy to infer this

Article,

16. What has been now fhewn of the ratio of the
fluxion of 1 “%F to the fluxion of 1 -} f—f— X

\f * ) . ) M .
;_’5;‘ compared with the ratio of the fluxion of

P S : '. g ¥ z:'o
1 -%{ X 1 +q’: tothcﬂuxxonofr-——_’fp_:-..\a 15

alfo true of the ratio of the fluxion of a? 4% %

1 —% 2 (or Q¢ in the figure) to the fluxion of

a - 2 x 6 — 2if (or I £) compared with the ratio
of the fluxion of 4 — =¥ x4 - 27 (or Cf) to the

at =t

. ?,.9 *
fluxion of 2 4 % 1 — : or Q¢; the latter quan-

tities being only the former multiplied by the com~
mon and permanent quantity 4f 4. It appeafs,
therefore, that if we conceive F#, Qs Cf (Vid

Vor. LIV. S{ Fig.)
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Fig.) to move with equal and uniform velocities,
from D A and R b along A H, in ordér to generate the
areas HD A, RW 5, ADAb; C fwill at firfl not only
decreafe fafter than Qf, and Q¢ than F#; but the
ratio of the rate at which C £ decreafes to the rate
at which Q.7 decreafes, will be greater than the ratio
of the rate at which Q¢ decreafes to the rate at
which ¥ 7 decreafes. It appears alfo that after fome
time, firft Cf and Qf, and then Bz and F£ will.
come to decreafe equally ; after which, Q¢ will de-
creafe falter than C £, and I # fafter than Qe..

17.. The curves DFH, RQW, DCA, have
each of them a point of contrary flexure; and the
value of 2, or of the equal abfciffes at that point, is

“—*-—-—l-—ﬁ—

in all three S=2-t—. This may be found in the.
common manner, by putting the fecond fluxions of
the ordinates equal to nothing. In the fingle cafe,

when either g or ¢ is equal to unity, one of thefe
points vanifhes, or coincides with A or:Hi

‘18, At the points of contrary flexure (g be-
ing greater than p) the ratio of the fluxion of Qf
to the fluxion of ¥ #is a meximum; and.-the fame
is true of the ratio of the fluxion of Cf to the
fluxion of Q2 'This is found by making the
- fluxions of the logarithms of thefe ratios, or of

.’f.- 1 p T 9‘ T
?1""'2" 5' Mo + » =
g — — T ™ * 1 |
| 2.4 yoand —-2 R
?—I '.q-" T 2“— I
nzy # ﬂ RS
T+ I X I q, ot ?e

I ' ' equal
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equal to nothing: which will give the value of 2

£2__ or the fame with the value of

LB
PER

ual to v
eq ”,

% at the points of contrary flexure,

19. At the points of contrary flexure, the ratio of
the fluxion of C f to the fluxion of Q_¢#, is greateft
in comparifon of the ratio of the fluxion of Qf to
the fluxion of F£ This is proved by finding the
value of 2 when the fluxion of the former ratio

FIoF g—x
n‘l. z?.-l ”1 zi.
X e )
divided by the latter, or of — g
. n‘ = F)
I ~— > q‘/ | .
.. - - a " a —_ F g
is nothing, which will ftill give z = = The

reafon, therefore, in the nature of the curve, which, as
the ordinates flow, keeps at firft the excefs of F £above
Q7 lefs than the excefs of Q¢ above C £, operates

with its greateft force at the points of contrary
flexure.

20. The greateft part of the area R Q W 5 lies be-
tween R 4, and the ordinate at the point of contrar
fiexure, By Art, 11 the ratioof Rh/Q to RQWh is

a1 Vo mz —m® ne—2 m’ 3z}
VX XxGx T TE Xt -
&e,  Subftitute here ‘\/n3 —0 for =, and —e=r

# for G (K being the ratio of the quadrantal arc to

#* This is always the true value of G ; but it would be o0
tedious to give the demonftration of this here.

S{2 radius,



[ 316 ]

radius, and H the ratio whofe hyperbolic logarithm
. 6

;in‘ 362534 5 ;7360 — % f9_°c.). and the ratio of
RAhzQ_to RQW5 ar the point of contrary flex-
n 4T mg7884 P
v’;>'<«/ﬁ_.xx7lzi * == +
H A a2 Matie 20 2 g Hipg— 2tem—gin— 4
2,54 n—1" T 23785 + 2.3.4.9.16. s = 0 * &e.
Now when # is little, the value of this expreffion
will be confiderably greater than .6822. It ap-
proaches to this continually as # increafes ; and when
#is large, it may be taken for this exallly. Thus
when 7 = 6, this expreffion is equal to .804.
When 7 == 110, itis equal to .6gc3. If we would
know the ratio of RA7#Q_to RQW b, when C f
comes to decreafe no fafter in refpet of Q#, than

¢ decreafes in refpet of Fz; that is, when the
excefs of Q ¢t above C f, is greateft in comparifon of
the excefs of F¢ above Q, it may be found (by
putting the fourth term of the feries in the 14%
Art. equal to the fecond term, and then finding the
value of =) to be about .8426, when #, p, and ¢
are confiderable; and in other cafes greater.

ure, will be

Coroll, *Tis eafy to gather from hence that in
like manner the greateft part of the arca A D H lies
between the two ordinates at the points of contrary

flexure _ |

% Vid. the Second Rule in the Effay, Phil, Tranf. Vol. LIIL
+ From this Article may be inferred a method of finding at
once, without any iabour, whereabouts it iz reafonable to
judge the probability of an unknown event lies, about which a
given number of experiments hiave been made, For when
21.
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21. RA#Qis greater than the arithmetical mean
between D b2 F and D bfC. This appears from the
latter part of Art. 19. for what is there proved of the
ordinates muft hold true of the contemporary areas
generated by them. And though beyond the points
at which the ratio of the decreafe of Q£ to the de-
creafe of F ¢ comes to an equality with the ratio of
the decreafe of Q¢ to the decreafe of C £, the excefls
of F ¢ above Q_¢ begins to grow larger than before in
refpet of the excefs of Q # above C f; yet as it ap-
pears from the laft article, that above five fixths of
the areas R Q WA and A C F H are generated be-~
fore the ordinates come to thefe points, and as alfo
beyond thefe points the faid ratios, ‘till they become

neither p nor ¢ are very fimall, or even not lefs than 10, it will
be nearly an equal chance, that the probability of the event iies

P Vg P Vorg
between — f —————___ and = mm =it | ill be
wen?3+‘!/zn3—-;n"an n L PYs P .Itwl be
- 2 Vg
the odds of two to one. that it lies between = | —i=Z—rr
H LV )
? Vg .
and DY et and the odds of five to one that it lics
p M apg P Vg ]
between T Y et and A T v For in-
ftance ; when p = 1000, ¢ = 100, there will be ncarly un equa?
. . 10
chance, that the probability of the event lics between Tt -—é—-
: 163
10 1 e 1 10 4
and == — == two to one that it lies between — 4 -——
1r 1b3y? { ”+”5 and
10 1 .y Io I
— e = and five to 0 b — 4
y 1150 o one that it lies between el gy and
10 1
r1 81

negative
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negative and for fome time afterwards, are but
fmall; - the effe&t produced before towards render-
ing the excefs of D AzF above R 57 Q always lefs
than the excefs of R4z Q_above D4 fC, will be
fuch as cannot be compenfated for afterwards.

A further proof of this will appear from confider-
ing that even when R bz Q_is increafed to R Q W 4,
it s but little thort of the arithmetical mean between
ADJb and HD A For from Art, 11, and 20. it
may be inferred that the ratio of the whole area
R QW 4 to this mean, or to ACFH, is & x H,

) Z
‘which is never far from the ratio of equality, but

when both p and ¢ are of any confiderable magni-
tude, it is very nearly the ratio of equality. For
example; when 7 == 110, § = 100, p =10, it is

9938, '

22. The ratio of DA¢F to Rb#Q_is lefs than that of
14-2E 4 éq-]—zE.‘fE to one. For by Art. 12,
the ratio of DA¢F toDAfC 1s les than that of

o ?,2 F F 4
1-4-2Ea b A4-2E80 (o1 B4 — 2B}

—

But by the laft Art. R 4 £ Q_js greater than the arith-
metical mean between D h2F and D A fC, and 1 is

) ] 2
exaétly the arithmetical mean between 1 4+ 2 E 4b

7 .
+2Eapbg and 1 — 2 B &b -_—g_ft_apbg. From
i »

whence this Article is plain.

23. The
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23. The ratio of D4sF to ACFH is greater

- | 7,9
than %, and lefsthan 5 x 1 +2E 48 + 2E4%,

For D.b¢ F being greater than R 47 Q, the ratio of
it to ACFH muft be greater than the ratio of
RbtQ _to ACFH, or greater than . Alfo;
fince the ratio of R47Q_to ACFH is equal to
T ;. and the ratio of D4 ¢ F to R h2Q_is lefs than the

. #,9  oaELH ;
ratioof 1 . 2Ez24" + Z to 1. it follows that

the ratio compounded of the ratio of R4z Q_to
ACFH, and of D42F to R A£Q, that is, the ratio of

DAi¢Fto ACFH muftbelefs than £ x 1 +‘_2E.¢zpéq 4-

2 E apﬁ“:

”-

24: Theratio of DAtF 4+ DAfC to ACTH
(that is, the chance for being right in judging that
the probability of an event perfeétly unknown, which:
has happened p and failed ¢ timesin p ¢ or # trials,

lies fomewhere betwecn.w‘z—- 4 =z and i:——- z) is

2

reater than -
8 t+2EL 8 428 ¥

, and lefs than 2 Z.

The former part of this Art. has been already proved,
Art, 12. The latter part is evident from Art. 21,
For R ¢ Q_being greater than the arithmetical mean
between D A¢F and DA2FC, 2R 52 Q _muft be
greater than D47F 4~ DA fC; and confequently

_ the
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the ratio of 2 R 47 Q_to A CF H, greater than the
ratio of Db¢F 4-DAofCto ACFH*.

It will be eafily feen that this Article improves
confiderably the rule given in Art. 12. But we may
determine within till narrower limits whereabouts
the required chance mutt lie, as will appear from the
following Atrticles.

25. If ¢ and 4 ftand for any two fraétions, when-
ever the fluxion of ¢ X F #is greater than the fluxion
of d x CF(Vid. fig) e x ¥z 4 d x Cfwill be
greater than Q#.  Forin the fame manner with Art,
6. it will appear that ¢ x Fz -+ 4 x C fis to Q4

as the fluxion of ¢ X F# x 1 +f-f-xl-—-ff to~

gether with the fluxienof dXC f X1 — Hf X

T

I -\-”f to the fluxion of Q£ X 1 —”P: . Now
fince 1 ’—;—;— is the arithmetical mean between

1 +f-fx1—-”—fand 1 —-”—Pf X 14 f—f, it is
plain, that were the fluxion of ¢ % F £ equal to the
fluxion of dXCf, exF#4-d x C f would decreafe
in refpect of its own magnitude at the (ame rate with
Q¢ ; and, therefore, fince at firft equal, they would al-
ways continue equal. But the fluxion of ¢ x ¥«
being greater than the fluxion of 4 x C fby fuppo-

fition, and (fince ¢ greater than) p 1 +’sz X I -—-ff,
* ‘This Art. is true, whether p be greater or lefs than ¢

2 following
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alfo greater than 1 — f-f X1 4 ”—-gz, it follows that

the fluxion of ¢ X F7 x 1.+’ff— X I --%fadded

to the fluxion of 4 x Cf x 1_’_‘};:,( 1 4 ?5?_5 s
greater than thefe two fluxions multiplied by 1 — ”; :ﬁ ;

and, therefore, greater, than the fluxion of Q¢ x

z

¥ — %—-::; and, therefore, ¢ x Fr 4 d x Cf
greater than Q7.

26. If we fuppofe three continued arithmetical

means betwen C fand F ¢ (3Cf+F: Cf.: Fy

M ) Q¢ will be greater than the fecond, and

lefs than the third, if p is greater than 1. That Q¢
will be greater than the fecond has been already
proved ; and that it will be {efs than the third, will be
an immediate confequence from the lafk Article, if

it can be thewn that the fluxion of 3 _4-_ is greater

than the fluxion o‘f -—4_!. This will appear in the

followmg manner.  The ratio of the fluxion of
Cf to thc fluxion of F 7 is by Art. ». and 14.

g1
I—--- +:zz

n 71::9—".
I-|---;- X 'i—a_
Vor. L1V. Tt of

The hyperbolic logarithm
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of this Fatio I — — — X 2 # 2 % — - —

_ b3 7 X p* p 7° +
1 2 5 z? . 2 n

px Lk n i x P e
This ratio by Art. 18. is greate& at the pomt of con-

V' -
teary flexure, or when 2 == = 2L Subftitute this
for 2 in the feries, and it will becomc % -—-;—
24 5 I I L 2 pi> xg%
X Ve o Pl N + 3X?:—F13 =

&¢. which, therefore, cxprcﬁ'es the logarxthm of the
ratio when greateft, and will eafily difcover it in
every cafe. 'Tis apparent that the value of this
feries is greateft when p is leaft in refpe of ¢. Sup-
pofe then p ==2, and ¢ infinite. In this cafe, the
value of the feries will be 1. 072, and the num-
ber anfwering to this logarithm is not greater than
2.92. The fluxion, therefore, of C f, when greateft,
cannot be three times the contemporary fluxion of
Fz; from whence it follows that the fluxion of
§—§—- muft be greater than the fluxion of --:f .

It is eafy to fec how thefe demonftrations are to be
varied when g islefs than p, and how in this cafe fimilar
conclufions may be drawn. Or, the fame conclu-
fions will in this cafe immediately appear, by changing
2into ¢ and ginto p, which will not make any differ-
ence in the demonftrations,

In the manner fpecified in this Article we may al-
ways find within certain limits how near the value of

£ comes to the arithmetical mean between F £ and.
C /, which limits grow narrower and narrower, as

4 pand
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p and g are taken larger, or theit ratio comes
nearer to that of equality, ’till at laft, when p and ¢
are either very great or equal, Q¢ coincides with
this mean. Thus, if either p or ¢ is not lels than
10; that is, in all cafes, where it is not praticable
without great difficulty to find the required chance
exadly by the firlk rule, Qz will be greater than the
fourth, and lefs than the fifth of feven arithmetical

means between C f and Fz

29. The atithmetical means mentioned in the laft
Article may be conceived as ordinates defcribing areas
at the fame time with Q; and what has been
proved concerning them is true alfo of the areas

defcribed by them compared with R4z Q.

28, If cither p or ¢ is greater than 1, the true chance
that the probability of an unknown event which has
happened p times and failed ¢ in p7 or # trials,
thould lie - fomewhere between %- 4z and —5
— 2 is lefs than 2 ¥, and greaterer than £ -}
TN I—2 Edf —2 Efpﬁ
— __.—" « If either p or ¢ is

1 +EJY L+ EJY
greater than 10, this chance is lefs than 2 ¥, and
s x1=—2Ed8 — 2B

n

reater than % -4~ : .
8 1 + LE JF 4+ E 4

Tt 2 This
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This is eafily proved in the fame manner with Art,
12, 23, 24n

That it may appear how far what has been now
demonftrated improves the folution of the prefent
problem, let us take the fifth cafe mentioned in the
Appendix to the Effay, and enquire what reafon there
is for judging that'the probability of an event concern-
ing which nothing is known, but that it has happen-
ed 100 times and failed 1000 times in 1100 trials,

lies between %’ .+. — and — = —., The fecond

rule as given in Art. 12. informs us, that the chance *
for this muft lie between .6512, (or the odds of 186
to 100) and .7700, (or the odds of 334 to 100). But
from the laft Art. it will appear that the required
chance in this cafe muft lie between 2 ¥, and

1B —2EdH

42X of, between

14+ B L E A
1C 2 ‘

.6748 and 7057 ; thatis, between the odds of 239
to 100, and 207 to 100. a

In all cafes when z is fmall, and alfo whenever
the difparity between p and ¢ is not great 2 X'is almoft
exadly the true chance required. And I have reafon
to think, that even in all other cafes, 2 £ gives the

* In the Appendix, this chance, as difcovered by Mr. Bayes’s
fecond rule, is given wrong, in confequence of mazking m* equal
1 . 3
to —_, whereas it fhould have been taken equal to 2
? e 274

as appears from Article 8.

frue
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true chance nearer than within the limits now detet-
mined. But not to purfue this fubject any further;
1 thall only add that the value of 2 £ may be always
calculated very nearly, and without great difficulty;

for the approximations to the value of E 2°47, and

1,3 — § o8 :
of the feries m -2 2= - me 2, & *
given in the Effay, are fufliciently accurate in all cafes

where it is neceflary to ufe them

* In the expreflion for this laft approximation there is an
error of the prefs which fhould be correted ; for the fign be-
fore the fourth term fhould be — and not -

LIl An



