Review by AugustusDe Morgan

ART. IV.—Théorie AnalytiquedesProbabilitts Par M. le Marquisde Laplace,&c.
&c. 3emeedition. Paris 1820.

MONTUCLA remarled, thatif ary subjectmight be expectedto baffle the mathem-
aticians,it would be chance The samemight have beensaid of the motionsof the
hearenly bodies;not at the time whenthe first rudetheoriessufiiciently well repres-
entedthe resultsof still ruderobsenations,but while successie improvementsn the
latter departmentvere overwhelmingthe successie attemptsat improvementof the
former. In truth, the notion of chance probability, likelihood, or by whatever name
it may be called,is asmuchof its own naturethe objectof mathematicateasoning,
asforce or colour: it containsin itself a distinct applicationof the notion of relative
magnitudeit is more or less andtheonly difficulty (asin mary othercases)iesin the
assignmenof thetestof quantity howmud moreor less.

Worseunderstoodhanary of the applicationsof mathematicsa sciencehasbeen
growing for acenturyanda half, which mustendby playinganevena moreimportant
partin the adjustmentf socialrelations thanastronomyin internationacommunica-
tion. We make this assertiormostdeliberatelyandmostpositively, to be controverted
by somewho are at leastaswell ableto judgeasourseles,to be looked uponwith
derisionby others,andwith doubtby mosteducatednen. If the public mind hasnot
yet beenmadeto feel thatthe precedingorophey is actuallyin procesof fulfilment,
it is becaus®neprimaryagenthasnotyetbeenawakenedo a sensef theimportance
of hisshareof thework. Themathematiciatnasdonehis part,anda moredifficult task
he never had;the statesmaiis only just awakenedto so muchasa dispositionto accu-
mulatesomeof the datawhich arenecessaryWe speakespeciallyof England,andby
the Englishstatesmamve now begin to understanell the moniedandeducategbartof
theEnglishpublic. Amongthelibertiesin whichwe pride oursehes,is thatof refusing
to theexecutie all theinformationwhichis necessaryo knowthe country, or atleast
avery considerabl@ortionof the statisticsnecessarfor largelegislation.And yetwe
expectministersto be accuratelyinformeduponthe bearingsof every measurghey
proposeata periodwhenit is demonstrabl¢hatthe greatemportion of the community
neitherknows, nor hasthe meansof beingtold, within twelve percent.,whatits stale
in the nationalpropertyamountsto. This is a curiousassertionandwe proceedto
make it good.

All who hold life incomes,whethersalariesof professionakemolumentsandall
who expectreversions have a tenurewhich dependdor its valueupontwo things—
the averagedurationof life at every age(the mathematiciarwill understandhatwe
do not fall into the commonerror), andthe rate of interestwhich money will obtain.
As to the secondwho will undertale to say what rate of interestactuallyis made,
not by large companiesalwaysreadywith meansof investmentpr by clever menof
businesswho live in the metropolis,but by the averagetransactionf all who use
mone/ throughoutthe country Let us only supposeit to be a questionof one per
cent.: thatis, thatit lies somavhere,saybetween3 and4 per cent. (if 3% and4% be
taken, it will hardlyaffectthe final result). Now, with regardto thefirst point, all are
agreedhatthe NorthamptorTablesarebelov the generalaverageat presenexisting,
andthe GovernmenfTablesabsoleit. The latteraresonearthe CarlisleTables,that,



for our presentrough purpose the two canhardly be distinguished.What stresswe
areto lay on the following circumstancesve hardly know, but if we take the results
of aneighbouringcountry Belgium, wherestatisticalenquiriesarein a stateof rapid
prosecutionyve find the generabverageof thewhole countryto beextremelynearthe
meanbetweerthe NorthamptorandCarlisleTables.As follows:

Meandurationof life in years

Age.
Ontheaverageof M. Quetelets
theCarlisleand BelgianTables. Difference

0 31.95 32.15 +.20

5 46.04 45.72 —.32
10 44.30 43.86 —.44
15 40.26 40.50 +.24
20 37.45 37.34 -.11
25 34.35 34.72 +.37
30 31.31 31.96 +.65
35 28.34 28.93 +.59
40 25.35 25.84 +.49
45 22.49 22.68 +.19
50 19.55 19.48 —.07
55 16.58 16.44 —.34
60 13.78 13.44 —.34
65 11.34 10.76 —.49
70 8.89 8.40 —.49
75 6.78 6.39 -.39
80 5.13 5.04 —-.09
85 3.75 3.83 +.08
90 2.85 3.12 +.27
95 2.14 2.13 —-.01

This agreements remarkablyclose,but it is useless.We have not the meansof
forming an opinionasto whetherlife in Belgium muchexceedsof falls shortof that
of England.By aroughcalculationfor the ageof 40, madefrom M. Ansell’'s Tabl€",
we find 24% for the meandurationof life at thatage: but we arenot preparedo go
ary fartherinto the subject. Incidentally we may pressuponthosewho areactually
engagedn suchmatters the proprietyof taking stepsto ascertairwhatis the proper
mearbetweertheCarlisleandNorthamptortableswhichrepresentthegrandaverage.

Resumingour subject,we conceve the greatextremesof the questionto be rep-
resentedy the Carlisletableat 3 percent.: andthe Northamptortableat 4 per cent.
Thatis to say 13 yearsand17 years'purchasearethelimits of theremainingvalueof
alife incomein the handsof a personaged40, supposedo have justrecevedayears
income. Taking 15 yearsasthe mean,we think he mustbe a bold manwho will un-
dertale to pronouncefor the whole country wherebetweenl4 and16 yearsthetruth

1This table refersentirely to the labouring classesmembersof Friendly Societies. It is from work
publishedby the Societyfor the Diffusion of UsefulKnowledge.



wouldlie. Or, onemanwith anothethroughouEngland thevalueof existinginterests
cannotbe pronouncediponwithin 12 percent.

That the precedingwill be deniedfrom all quarters,only favours our assertion.
For somewill leanto onetable,someto another We remainuncontradictedsolongas
authoritiedifferto theamountwhichwe have stated . Theinsuranceffices,whichdeal
in selectlives,now standupona properbasisof knowledge the permanencef which,
however, restsupontheir demandingvhat would be called,if meansof information
weremoreextensive,enormougpremiums.Thereasorwhy they arenotto besostyled,
shaws the consequenceashich resultto the countryfrom insufiicient statistics.Let us
take the instanceof the EquitableSociety aninsuranceoffice which hasaccumulated
enormouswealth. How wasthis accumulatiormade? By demandinghe ignorance
of thosewho cameto insure. We dery the correctnes®f this view, but it wasan
ignorancewhich was commonboth to the office andto its customersandknown to
theformer, who werethereforeobligedto make suchchagesaswould cover, notonly
therisk which their tablesshovedwith regardto theindividual, but alsothe dangerof
attemptingnsuranceat all with suchlimited knowledge.Having demandeghremiums
of whichin thefirstinstanceit wasonly known thatthey weresafe theresulthasbeen
thatthey weremud more thansafe:theprofit really belonggo thosewhonow possess
it, andit hasbeenboughtandpaidfor. The consequenct the publicis, thatthewant
of foresightin anexistinggovernmentwhethetblameabler notwe will notundertale
to pronouncehascaused largebody of subjectf therealmto make a provisionfor
their familiesat the expenseof somemillions sterlingmorethanwasnecessarfor the
purpose.

The sameindifferenceto statisticalinformationon the part of the governmentor
fearof thedisinclinationof the peopleto inform it, still existsandproducests effects.
We seeit in everylargefinancialmeasurevhichis proposedo Parliament.Therough-
nessof the guesse®n which suchplansarebuilt, is only exceededoy the boldness
of the mathematicabtepsby which the resultsareto be deduced. It is hardto say
wherethe wedgeis to be introducedinto the massyobstaclesvhich areto be cleft
asunderShallwe pointto thegoodeffectswhich have resultedanddo result,form the
applicationof soundprinciplesto actualmeasurementsf facts? The inertnesof the
legislative power never attemptgto originateutility, unlessactedon by pressurdrom
without. Shall we addressourselhesto the individual inhabitantof the country and
endeaour to shav him thatthe power which governshis interestsis not knowledge?
We shallfind him so busily employedin watchingthe intentionsof his rulers,thathe
hasno time to think abouttheir fitnessto carry their intentionsinto usefuleffect. All
the countriesof Europe,which arein a stateof commercialprogressare searching
for information;while with usit is muchthatthe governmentshouldcompilefor the
useof the legislature just thatinformationwhich the collectionof the revenuebrings
with itself, or which thedemandf individual membersf the Houseof Commondas
causedo befurnished.Thetablesnow producedy the Boardof Trade,usefulasthey
are comparedwith arny thing which had previously existed, are but a poor provision
for the growing wantsof the community We hail them,neverthelessasharbingerof
betterthings.

Wheneerademandarisesfor thecreationof somenew methodof meetingtheun-
certaintyof individual prospectsa procesgsakesplacewhich we may briefly describe



asfollows. To meetthe chanceof fundamentakrror, arisingfrom ignoranceof the
subjectalargecapitalmustbesubscribedsaninsurancdundin casehewholespec-
ulationshouldfail. Thesubscribersf this capitalareof courséndemnifiedor therisk,
by receving areturnin the succes®f the undertaking. Thosewho receve this benefit
mustpay for it; andhencethe antof statisticalknowledgeis animmediateanddirect
tax uponthe people,n favour of thosewho maybecalledtheignorance-insuers. But
someextremeandenormousaseof failuremustbe anticipatedandprovidedfor. And
throughthe principle of mutualinsurancesolittle understoodyet thereremainsthe
evil of requiringthosewho would stipulatefor a fixed sum,andhave perhapsetter
meanf employing theirmoney, to buy, notwhatthey want,but a somethingretween
thatandhalf asmuchagain withoutary very definitemeansof sayingwhatit shallbe.

Amongthevariousprojectsof thiskind, we obseneonerecentlyestablishedyhich
promisesto be of greatutility. It is a societyfor providing fixed sumsto be paid on
accountbof eachchild of amarriage on his attaininga givenage,in consideratiorof a
life premiumto be paid by the father to datefrom the time of the marriage.We see
here,firstly, the apparatu®f aninsuringcapital; secondlythe constructionof tables.
superintendedit is said, by a greatmathematician.Now this mathematicianbe he
greator small, could not make brickswithout straw, or tableswithout data. Doubtless
heenquiredwhatis theaverageageof marriage’Whataretherelatve numbersf such
contractanadeby partiesat differentages™Whatis the numberof childrenproduced
by each,onanaverage andwhatis the averageinterval betweertheir births?He need
be no conjurerto see,that all this and more, was necessaryor his purpose;but we
mustconfesswe shouldthink him one,if hefoundtheanswergo all thesequestions.
No doubthis provincewasto investigatehe premiumswhich shouldbe paidon some
suppositionwhich the mostcautioustheorisemwvould admitto be above the mark, and
requirethe office to adoptthem. Both the office andthe insurersmay thusbe made
safe;but neitherparty canundertale to saywhatthe otherbuysandtheothersells. The
nominal$100mustbe somethingoetweers100and$150,a partof the surplusbeing
deductedn favour of the ownersof the subscribedapital.

Suchis the stateof our commercialrelationsin regardto the employmentof life
interestsfor the creationof certainties. And yet we seedaily variationsof suchin-
tereststo which eventhe courtsof law are continuallyobligedto appeal. The office
of actuaryhasreceved a legal characterthoughwhat constitutesan actuaryis not
defined.Withoutthediplomaof acollege,or theinitiation of anapprenticeshim class
of professionabrithmeticiansasarisen,whoseverdictsare,in fact,asbindingupon
our courtsasthoseof ajury wherethey agreewithoutary distinctrule asto whatis to
be donewhenthey disagree The statuterelatingFriendly Societiesequiresthattheir
rulesshouldbe certifiedby an“actuaryor personskilledin calculatior. Is thesecond
necessarilyn thefirst, or thefirst necessarilyhe second2Ve do notatall quarrelwith
the legal uncertainty becausehe consequencss, thatan actuaryis in facthewho is
shawn to be one,by proofthatmenwill payhim money to have his opinions.No class
of men,takenasawhole,hasactedwith morejudgmentin themultifariousandimport-
antquestionsvhich have beensubmittedo them. They seento have beenfully aware,
thatin the absencef perfectinformation,it wasat leastdesirableto throw the diffi-
cultiesof thesubjectentireuponthe data,andto make everythingsurefrom thatpoint.
Apply to oneactuaryfor the value of a contingentreversion,andhe answerdoldly,



say$2539. 14s. 72d. Apply to anotherand his answeris asready say $2092. 16s.

1d. Whencearisesthis differencebetweertwo mean,eachof whommightalmostbe
supposedo contendfor thatlastfarthing? Thee is a theoryin disputebetweerthem

aboutwhich the public knows nothing,andeachavoidsdistressinghe mercantileman
by usingroundnumbersFor thelatter, in commonwith therestof theworld, hasgota
notionthatthemathematicaprocessnustgive exactresults whateserthenatureof the
datamaybe. But both,thetraderandactuaryemploy acourseof proceedingvhich,as
farasit goes,is oneof safety Thefirst is generallyno mathematicianandthe second
very oftennot moresothanis absolutelyrequiredfor his purpose Now, to know what
to throw away withouttherebyrenderingheresultmoreimperfectthanthedata,is the
moredifficult anddelicatepart of the province of the mathematicianlt is, therefore,
mostdesirablehatsuchabbreviationshouldnotbehandledoy any onewhois notfully

competentaswell by experiencen this asin otherbranche®f practicalapplications.

We have saidthatit mayfrequentlyhappenthattwo actuarieslifferin theirresults,
by differingona pointof theory andit maybeusefulto thegenerareaderto know the
generakharacteristicsf this difference.Thetableknow by the nameof Northampton
Tables were publishedby Dr. Pricein 1771, by meansof registerskeptin the town
of Northamptonfrom theyear1741. Thistable(with sometheoreticaklterationsfor
the sale of introducingequality of decrements,js formedform 4,700deathsat vari-
ousagesof which, however, only 2,7000ccurredabore the ageof 20. It wasformed
with that degreeof caution,in suchmatters,for which Dr. Price was distinguished,;
andto which, we have no doubtwhatever, the communityis indebtedfor this, thatno
insuranceoffice hasever failed, nor so far aswe know, ever beengenerallybelieved
to becloseto failure. A boldertheoristmight very easily anduponsuficiently plaus-
ible grounds have hazardedables. which would have retardedhis importantsocial
improvementfor fifty yearsat least. The NorthamptonTableswere madethe basis
of the transaction®f all the insuranceoffices; and, consideredas a whole, mustbe
looked uponasa greatcommercialbenefitto the country But it wassoonsupposed
thatthey containeddefectswhich madethemunfit to adjustthe relative interestsof
partiesat differentages,andit wasfrequentlyaffirmed, that while the youngerlives
wererepresentedstoo low in value,theolderlivesweremadetoo high.

TheCarlisle Tableswerepublishedn 1815,by Mr. Milne, thenandnow actuaryto
the SunLife AssuranceSociety They exhibit (with theoreticalalterationsasbefore,)
theresultsof 1,840deathswhich took placeat Carlislebetweenl779and1787: and
861 of thesewere above the ageof twenty With reference therefore,to numbers
of deathsthey areinferior in authorityto the NorthamptonTables,but not so much
aswould be generallysupposedFor it is a principle perfectlydemonstrablebut not
easily, thatwhenchanceselectionsareusedfor the purposeof constructinga probable
generalaw, the degreeof confidencavhichis to beplacedin the superiomumbersof
oneselectiondoesnotincreaseavith thenumbershut with their squaeroots Thus,to
constructatablewhich shouldbetwice asgoodasanotheyceterisparibus four times
asmary deathsnustberecordedfor thrice, ninetimesasmary, andsoon. Exclusie,
thereforeof every circumstancexceptmerenumbersthegoodnessf the Carlisleand
Northamptortabless not(for abore 20 yearsof age)as861to 2400,but as29to0 49, or
thereaboutsin every circumstancexceptmerenumbersMr. Milne hadtheadvantage
of Dr. Price:andheusedit with anenegy which desereddistinguisheduccessand,



asit turnedout, obtainedt. For therecannow beno questionthatthe Carlisletables,
representhe stateof life amongthe betterclassegin wealth)of this countrywith an
approachtowardsprecisionwhich is remarkablegconsideringhe scantycharacteiof
thematerials.

Within the last few years,the two insuranceoffices which possessethe largest
amountof experience the Amicable andthe Equitable,have publishedtheir results.
Thefirst of thesedatesbackfor morethana century the secondfor more thanfifty
years.Theselectiorof its lives,in thefirst, was,for alongtime, arything but rigorous,
aswe areinformed: the latter hasalwaysbeendistinguishedy morethanusualcare
in this respect.Taking the meandurationsof life at differentages,a testwhich have
severalreasongor preferringto theonein morecommonuse we subjointhefollowing
table:—

MeanDurationaccordingo the

Age
Northampton Carlisle Amicable Equitable

20 334 415 36.1 41.7
30 28.3 31.3 31.1 34.5
40 23.1 27.6 24.4 27.4
50 18.0 21.1 17.9 20.4
60 13.2 14.3 12.5 13.9
70 8.6 9.2 7.8 8.7
80 4.8 5.5 5.0 4.8

The Amicable Table contains2800 deathsabove the age of 20 and the Equitable
5100. On looking at thesetables,we seenot only a remarkableconneion between
the Northamptorandthe Amicable,andbetweerthe Carlisleand Equitable but also
somesimilarity betweenthe circumstancesinderwhich eachpair was made. The
Northamptortableis olderthanthe Carlisle;the Amicableis onthewholeolderthan
theEquitable. Thetown of Northamptoris shavn, by thedocumentsf Dr. Price,to be
lesshealthythanCarlisle,by thoseof Mr. Milne; the electionof the Amicable,on the
wholetermof its existencewasbelieved,beforetheir tablesappearedo beinferior to
that of the Equitable.And in boththereis the sameanomalywith regardto the older
lives;thedifferencebetweerthe Amicableandthe Equitable whichis very greatat 20
yearsof age,is materiallylessenedswe approachthe olderages.But the particular
point on which the NorthamptonTableswerelong suspectedappearsven from the
comparisorwith its own companionfor whereasat 20 yearsof age,the Northampton
givesconsiderablyessthanthe Amicable,at60yearsandupwardsthecasds reversed.
We do not speakof variousothertables,aswe only wish to corvey to thereademwho
is entirely new to the question someslight notion of the statein which we standwith
respecto theresultsof tables.

Now the questionamongactuariess this: which arethetablesto be actuallyused
in the computationof money results,thoseof long or shortlife, the Carlisle of the
Northampton.Therearegreatauthorities sofar asauthoritiesgo, on both sidesof the
question:andwe apprehendhatsomewould useonetablein onesetof circumstances,
andanothein anotherDiscretionmustdecide butin themeanwhilét is of importance



thatthe public in general,andthe courtsof law in particular shoulddistinctly know,
thattheactuarydoesnot merelydeducearesultof purearithmetic:for hehasnotonly
to usethetables butto settlewhich of theconflictingtablesheshalluse.And thisalone
is frequentlya questionof two or threeyears’purchaseén thevalueof contingeng. It
hashappenednorethanonce,thatlitigation hasbeenrenderednorecomplicatedpy
theopposingvaluesproducingvery differentopinionsuponthe estimatedralueof life
interests. On what principlesthe judgessettlethe matterin sucha case,we are not
aware; but it mostunquestionablypelongsto themto enquirewhattableshavebeen
used,and why? For the question,whethera given individual shall be considereca
goodor a badlife, is onewhich admitsof beingdeterminedy the evidence,and it
would be muchbetterthatthe court, actinguponinformation,shoulddecidewhether
oneof the othertable shouldbe used,or whetherary andwhat meanbetweenthem
shouldbe taken, thanpermitsucha matterto be settledby the actuariesconsulted,—
the point in disputehaving considerableauthoritieson both sides. It is alsoto be
rememberedthat even the professionaimen consultedare not alwaysin possession
of theinformationnecessaryo decide:a casemay begin, “ A person agedfifty,” &c.
without the leastinformationasto what the classand habitsof this personmay be;
and parties,interestedn the result, may wilfully put sucha case,with algebraical
descriptiononly, for the purposeof takinginto courtsuchanopinionasmay suit their
purpose.We arecorvinced,that,in the procesof time, andasthe eyesof the public
becomeopento the very extensie characteof life interestsin this country an officer
will beappointedanew specie®f Masterin Chancerywhosedutyit will beto decide
thosepointswhich are now settledby readingthe opinionsgiven upon casesbefole
causeduy parties

Amongall the confusionwhich unfortunatelyexistsin the ramificationsof anex-
tensive branchof the subjectwe areconsideringthereseemso usbut onepointwhich
is very clear;namely thatthoughsuchprogresshasbheenmadeassecuresafetyasto
thosewho areinterestecen massethe equitableapportionmenof the relative claims
of thedifferentpartsof thewhole,is by no meansn the samestateof forwardness.

The stateof probabilityin generalasappliedto the precedingquestionsmay be
dividedinto two parts;of which theknowledgeof thefirst is easilyattainablejn com-
parisonwith thatof the second.The latter of the two is the guide of the formed,and
oftenthe methodof checkingtoo hastyconclusiondrawn from it. The mathematical
analysisof the formeris easy while that of the latteris almostascomplicatedasthe
planetarytheory perhapseven moreso lengthfor length. We needhardly add, that
we referto thoseextensionsof the subjectwhich werefirst struckout by De Moivre,
andwhich have beenraisedto a high degreeof developmentby La Place. Of all the
masterpiecesf analysisthisis perhapghebestknown; if doesnotaddressts powers
to the consideratiorof a vastandprominentsubject,suchasastronomyor optics,but
confinedtselfto abranchof enquiryof whichthefirst principlesaresoeasilymastered
(in appearance}hatthe studentwho attemptsthe higher partsfeelsalmostdeprived
of this rightswhenhe beginsto encountethe steepnesef the subsequerdascent.The
ThéoriedesProbabilitesis the Mont Blancof mathematicahnalysisjput themountain
hasthis advantageover the book, that thereare guidesalwaysreadynearthe former,
whereaghe studenthasbeenleft to his own methodof encounteringhelatter.

The geniusof Laplacewasa perfectsledgehammerin burstingpurely mathemat-



ical obstaclesput, like thatusefulinstrument,t gave neitherfinish nor beautyto the
results.In truth,in truismif thereadempleasel.aplacewasneitherLagrangenor Euler,
asevery studentis madeto feel. The seconds power andsymmetry the third power
andsimplicity. But, neverthelessl.aplacenever attemptedhe investigationof a sub-
jectwithout leaving uponit the marksof difficulties conqueredsometimeslumsily,
sometimesndirectly, alwayswithout minutenes®of designor arrangemenof detail;
but still his endis obtainedandthedifficulty is conqueredThereareseveral circum-
stancesonnectedvith thewritings of this greatmathematicianwhich indicatevices
peculiarto himself, and otherswhich are commonto his countrymenin general,we
shallbegin with oneof thelatter

Thefirst duty of amathematicainvestigatorin the mannerof satinghis results,is
the mostdistinctrecognitionof the rights of others;andthis is a duty which he owes
asmuchto himselfasto others. He owesit to himself, becausdhe value of every
work diminisheswith time, sofar asit is a statemenof principlesor developmentof
methods;otherswill in time presentall suchinformationin a shapebettersuitedto
the habitsof a succeedingage. But the historical value of a work never diminished,
but ratherincreaseswith time; theorymay be overthrowvn, processesnay be simpli-
fied, but historical information remains,and becomesan authority which rendersit
necessaryo presere andreferto arny work in which it exists. No one now thinks
of consultingthe work of the eruditeLongomontanuswhile that of his contempor
ary Riccoli is esteemedind soughtafter The reasonis, that the first containslittle
or nothingof history, while the secondss full of it. Thatsuchattentionto the rights
of others,is dueto thoseothers,needhardly be hereinsistedon. Now, whatwe as-
sertis, thatthererunsthroughoutmostof the writings of the Frenchnationalschool,
athoroughandculpableindifferenceto the necessityof clearly statinghow muchhas
beendoneby the writer himself, and how muchby his predecessorswWe do not by
any meanschage themwith nationality; on the contrary they are mostimpartially
unfair both to their own countrymenandto foreigners;we may even say that, to a
certainextent, they behave properlyto the latter, while of eachotherthey are almost
uniformly neglectful. Laplacehimselfsetthe moststriking exampleof this disingenu-
ouspractice.For instancel agrangeproceedingn aroutesuggestedy a theorenof
Lambert discoreredthecelebrateanethodof expansionwhichall foreignerscall Lag-
range’'stheoem Otherandsubordinatenethodgin generalityonly, notin utility) had
beengiven by Taylor andMaclaurin,andare sufiiciently well known by their names.
Now, Laplacehasoccasiorto demonstratéhesetheoremsn the MédhaniqueCéleste
andhow doeshe proceed?'Nous donneronsurla réductiondesfonctionsen series,
guelqueghéoremesgérerauxqui nousserontutilisé dansla suite” (Book I, No. 20.)
Would notarny oneimaginethattheseweresometheoremswhich Laplacewasprodu-
cingfor thefirsttime?In the sequelthetheoremwhichis know to the merebeginner,
asTaylor's Theorem|s describedas“la formule (i) dunuméro21” Let usevengrant
thatit is naturalto refer backthroughoutary onework to ary fixed partof it, andwe
have notdonewith this strangedeterminatiomot to mentionthe writings of ary other
mathematicianFor in Théorie desProbabilites a work totally unconnectedvith the
onejust mentioned Lagrangestheoremhasno otherdesignatiorthan“la formule (p)
dunuméro21 du second.ivre dela MédaniqueCeéleste’ And the exceptiononly of
professedhhistoricalsummariesiponpointswhich have for themostpartno conne-



ionwith hisown researches studiedsuppressionf thenameof his predecessomnd
contemporariesnsomuchthathadhe hadoccasiorto cite a propositionof Euclid, we
have little doubtthatit would have appeareds‘le théoremequej'ai demonste dans
untel numéro’ Theconsequencis, thatthe studenf the MédhaniqueCelestebegins
by forming anestimateof theauthor whichis too high, evenfor Laplace;andendsby
discoveringthatthe authorhasfrequently evenwherehe appearsnostoriginal, been
only usingthe materials andworking nuponthe track, of Lagrangepr someother If
thereactionbe greaterthanit shouldbe,andif the estimateformedof Laplaceshould
belowerthanit really oughtto be, it would be no morethana properlessonfor living
analystof thesamecountry who, aswe couldeasilyshaow, if we wereconcernedvith
theirwritings, have closelycopiedthe not very creditableexampleof Laplace.

Theprecedingemarkshave aparticularbearinguponthe TheoriedesProbabilites
for it is in this work that the authorhasfurnishedthe mostdecidedproof of grand
originality and power. It is not that the precedingfault is avoided; for to whatever
extentDe Moivre,Euler, or ary other, hadfurnishedeitherisolatedresults of hintsasto
methodof proceedingto preciselythe sameextenthave their namesbeensuppressed.
Neverthelesssincelesshadbeendoneto masterthe difficulties of this subjectthanin
the caseof thetheoryof gravitation, it is herethatLaplacemostshinesasa creatorof
resourceslt is notfor usto saythat,failing suchpredecessom@shehad(Newtononly
excepted) hewould not by his won geniushave openeda routefor himself. Certainly
if thepower of ary onemanwould have sufficedfor the purposethatmanmighthave
beenLaplace.As it is, we canonly, looking at the Theorie desProbabilites in which
heis mosthimself congratulatehe studentuponthe fact of moresymmetricalheads
having precedechim in his MédaniqueCéleste Sharing,asdoesthe latterwork, in
the defectsof the former, whatwould its five volumeshave presentedf Laplacehad
noforerunner?

It mightappeaitto be our intentionto decrythe work which we have placedat the
headof this article. We cannotbut demurto sucha chage, becausdo decryis, we
presumeto try to alterthe toneof a cry alreadyexisting. Now, even meaningby the
world the mathematicalvorld, thereis not a sufiicient proportionof thatlittle public
which hasreadthe work in questionto raid any suchcollective soundasa cry either
ononesideor theother The subjectof thework is, in its highestparts,comparatiely
isolatedand detachedthoughadmittedto be of greatimportancein the sciencesof
obsenation. Thepuretheoristhasnoimmediateoccasiorfor theresults asresultsand
thereforecontentshimselfin mary instancesith a glanceat the processessufiicient
for admiration,thoughhardly so for use. The practicalobserer and experimenter
obtainsa knowledgeof resultsandnothingmore,will knowing in mostcasesthatthe
analysiss above hisreach.We couldnumberuponthefindersof onehand,all themen
we know in Europewho have usedthe resultsin their publishedwritings in a manner
whichmalesit clearthatthey couldbothuseanddemonstate

In pointing out, therefore the defectsof the work in question—indetachinghem
form the subjectand laying them upon the author—taking careat the sametime to
distinguishbetweenthe high praisewhich is dueto the originality and invention of
the latter, andthe expressionof regretthathe should,like Newton, have retardecthe
progressof his mostoriginal views by faults of style and manner—we conceve that
we are doing goodservice,not only to the subjectitself, but evento the fameof its



investigator If, atthe sametime, we canrenderit somavhat moreaccessibldo the
studentandhelpto createa largerclassof readersyve areforwardingthe creationof
the opinionthatthe resultsof this theory in its moreabstruseparts,may and should
be madeboth practicalanduseful,evenin therestrictedand commercialsenseof the
formerterm. Suchmustbe the impressiorof all who have examinedthe evidencefor
thistheory

It is not our intentionto concludethe subjectin the presentnumber: the length
of this article (for sucharticlesshouldnot be very long) warnsusto concludefor the
presenby finishing our accountof the difficultieswhich have beenplacedin the way
of the studentpreviously enteringuponthe consideratiorof the subjectmatterof the
treatise.

The Theorie desProbabilitesconsistsof threegreatdivisions. 1. An introductory
essayexplanatoryof generalprinciplesandresults,without ary appearancef math-
ematicalsymbols. 2. A purely mathematicaintroduction,developingthe analytical
methodswhich arefinally to be employed. 3. The applicationof the secondpartto
the detailsof the solutionof questionconnectedvith probabilities. Thefirst of these
hasalsobeenpublishedn a separatéorm, underthetitle of EssaiPhilosophique&c.,
andis comparatiely well known. Our businesshereis mostly with the secondand
third. Thearrangemenwill seemsimpleandnatural,but thereis a secretwhich does
notappeaimmediatelyandrefersto a pointwhich distinguisheshis andseveralother
worksfrom mostof the samemagnitude Thework is notanindependentreatmenof
the subject,but a collectionof memoirstaken verbatimfrom thosewhich the author
hadpreviously insertedin the Transaction®f the Academyof Sciences.Thusin the
volumefor 1782,appears paperon the valuationof functionsof very high numbers,
with an historicalandexplanatoryintroduction. Now this introductionbeingomitted,
therestof thememoiris, substantiallyandthemostpartword for word, insertedn the
work we arenow describing.And the samemay be said of othermemoirspublished
atalaterperiod: sothatthe Théorie desProbabilites first publishedin 1812, maybe
considereésa collectionof thevariouspapersvhich hadappeareih the Transactions
citedfrom 1778upto 1812.

This materiallyaltersthe view which mustbe taken of the treatise ,consideredas
intendedor themathematicastudentlt alsomakesachangen theideawhichmustbe
formedof therealdifficulty of thesubjectasdistinguishedrom thatwhichis actually
foundin readingLaplace.Thecoursetakenhasbothits advantagesnddisadwantages:
onwhichit maybeworth while to sayafew words.

Of the highestandmostvigorousclassof mathematicastudentsjt may be easily
guessedhatthey aremostbenefittedby the workswhich areleastintendedfor them.
Completedigestionand arrangementso far from being essentiato aid themin the
formationpower, areratherinjurious. The bestwriter is hewho shavs mostclearly by
his processvherethe difficulty lies,. andwho meetsit in the mostdirectmanner All
the artifice by which the roadis smoothedandlevelled, all the contrivanceby which
difficulty is actuallyovercomewithout perceptiorof its existence thougha desirable
studyfor the proficient,andmostusefulwith referenceto the applicationof science,
is a loss of advantageouprospecto the studentwho wishesto becomean original
investigatorAn officerwhohasneverseerary butwell-drilled soldiersmaycommand
anarmy of them;but hewho would raiseanarmymusthave beenusedto the machine
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hewishesto createn every stageof its proces®f creation from adisorderlyassembly
of clownsupto acompletelyorganisedorce. It is onsuchagroundasthisthatwe take
our stand,whenwe saythat Euler, from the almostinfinite simplicity with which he
presentghe mostdifficult subjectsandLagrangefrom the unattainableeombination
of powerandgeneralitywhich heusesfor (morethanthrough) thestudentarenotthe
bestguidesfor onewho would practisenvestigation.lt is Laplacewhosewritings we
shouldrecommendor this purpose for thosevery reasonsvhich induceus to point
him out asone of the mostroughand clumsy of mathematicalwriters. A studentis
morelikely pro ingenio suq to be ableto imitate Laplaceby readingLaplace,than
Lagrangeby Lagrangeor Eulerby Euler.

In the next place,of all theworkswhich any onehasproducedthe mosteffective
for the formation of original power arethosewhich lie nearesto his own sourceof
invention. All the differencebetweenanalysisand synthesiswill exist, for the most
part, betweerthe memoirin which the discovererfirst openechis views, andthe ulti-
matemethodwhich he considerecasmostfavourablefor their deductionfrom his first
principles.Hencewe shouldrecommendo the studentto leave the elementaryworks
andthearrangedreatisesassoonaspossible andbetale himselfto the original mem-
oirs. He will find themnot only absolutelymore clearthancompilationsfrom them,
but whatis of muchmoreimportancethey statewith distinctnessvhathasbeendone
on eachparticularpoint, andwhatis attemptedo be done. If thereshouldarisecon-
fusionfrom the studentot perceving thatheis emplojeduponanisolatedpartof the
wholewhichis notyetcompletetherearesafguardsn theMemoirwhichdonotexist
in the Treatise Take ary work on the differentialcalculus,from thetime of Leibnitz
downwards,andthe formality of chaptersdistinctionsof subjects,andtreatmentof
nothingbut whatis complete pr appearso,will leave theimpressiorthatthewholeis
exhaustedandthatall apparentifficulty arisesfrom the studeninot beingableto see
all thatis presentedo him. Now thefactis thatin mary caseghe obstaclas of another
kind, namely thatthereaderis notmadeawarethatthereis moreto belookedfor than
is presentedTheassertionje n’en saisrien, by which Lagrangdrequentlyastonished
thosewho imaginedthat a grandmathematiciarknew every thing, is frequentlyem-
bodiedin the spirit, or enspiritedinto the body, of a memoir, but seldominto that of
a formal treatise. It happenedo us not long agoto be very much puzzledwith the
accountof a procesgivenin the greatwork of Lacroix, oneof the bestof methodical
writers. Chancethrew in our way the original memoirof Legendre,from which the
processvastaken,andwe foundthat, word for word nearly the formerwriter agreed
with thelatter, sofarashewent. But afew sentencesf omissionin whichtheoriginal
writer hadlimited himselfwere,it shouldseem,inconsistentvith the vastnes®f the
generadesignindicatedin the excellentcompiler’s chapter The difficulty vanishedat
once,sinceit merelyaroseform venturingto hint to ourseles,in the way of doubt,
preciselywhatthe original writer hadproposedasa limitation.

Sofarthen,asthegreatwork beforeus preserestheactualcontentf theoriginal
memoirsjt mustbelookeduponasverywholesomesxercisefor thestudentBut there
arestill somedefectsarisingfrom not completingthe plan. The shorthistoricalnotice
and generalexplanationis omitted, in consequenceye supposepf the humiliation
whichthewriter of atreatisewould feel, werehecompelledo nameanotheman.The
extravaganceof an original memoirlights the candleat both ends: not merelyis an
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authorpermittedto sayclearly wherehe ends,but alsowherehe began. Did Stirling
give aresultwhich mighthave affordeda hint asto the directionin which morewasto
be lookedfor? Laplacemayanddoesconfesst in the Transaction®f the Academy
But the economyof a finishedwork will not permitsuchfreedoms;andwhile on the
onehandthestudenhasnodirectreasorfor supposinghatthereeverwill beary body
but Laplace he has,on the other no meansof knowing thatthereever wasary body
but Laplace.

In the next place,the difficulty of the subjectis materiallyincreasedy the prac-
tice of placinggeneraldescriptionsat the beginning, insteadof the end. Our present
work beginswith atremendousccounbf thetheoryof generatindunctions whichwe
doubtnothasdeterrednary areadeywho hasimaginecdthatit wasnecessarjo master
this first partof the work beforetherewasan old memoirreadyto reprintfrom. And
wherein the subsequenpart of the work is it used?In someisolatedproblemscon-
nectedwith gambling,which in thefirst placemight be omittedwithout renderingthe
materialpartof thework moredifficult; andin the secondblacethereareapplications
of the theory of generatingunctionsof so simple a characterthatthe preliminaries
connectedvith it mightbediscussedh two pagesAnd in whatfuturepartof thework
dotheverytedious(thoughskilful) methodsof developmentecomeusefulwhichare
formally treatedn theintroductorychapter™owhere.

Herethe readermay begin to suspecthat the difficulty of this work doesnot lie
entirelyin thesubjectbut is to beattributedin greatpartto theauthors method.That
suchdifficulty is in part wholesomemay be very true; but it is also discouraging.
Believing aswe do thatin spite of all we have said, the Théorie desProbabilitesis
oneof the pointsto which the attentionof the future analystshouldbe directed asthe
subjectis arny way within his power, we shall herefinish whatwe have to sayon the
characteof thework, andproceedn afuturearticlewith thatof its results.
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ART. IV.—Théorie AnalytiquedesProbabilites Par M. le Marquisde Laplace,&c.
&c. 3emeedition. Paris 1820.

IN continuingour remarksuponthework of which thetitle is now beforethereaders
eye, we may remind him that we have not roomto enterat length uponthe subject.
We have alreadydiscusseaonsiderationsf a practicalcharactertendingto shev that
uponseveralquestionsin which recourses actuallyhadto to thetheoryof probabilit-
ies,insufficiency of informationproducesffectsprejudicialto the pecuniaryinterests
of thoseconcerned.This is indeeda strongpoint: we might urgein ary plan or pro-
spectve utility uponthe Englishpublic, till we weretired, andwithout awakeningthe
leastattention. Nor would therebe ary reasonto complainof sucha result; for the
presentis an ageof suggestionsandevery personwho canreadandwrite hassome
schemen hand,by which the communityis to be advantage:no wonder then, that
sofew of the speculationsn questionhave morethanoneinvestigator But whenwe
speakof the theoryof probabilities,we bring forward a somethinguponwhich, right
or wrong, mary tensof millions of poundssterlingdepend.Theinsuranceoffices,the
friendly societiesall annuitantsandall who hold life interestof any species—again,
all who insuretheir goodsfrom fire, or their shipsfrom wreck—arevisibly andimme-
diatelyinterestedn thedisseminatiomf correctprinciplesuponprobabilityin general.
Somuchfor thatwhich actuallyis invested:now with regardto thatwhich might be,
let it berememberedhatwhenerermoney is hazardedn commerceor manufctures,
by thosewho would resignthe possibility of morethanaverageprofit, if they might
therebybesecuredrom therisk of disastrousoss,the desiredarrangemernis rendered
impossible by wantof knowledgehow to applythetheoryof probabilities,combined
with the defectof methodizednformationuponthe contingenciesn question.

The nameof the theoryof probabilitiesis odiousin the eyesof mary, for, asall
theworld knows, it is thenew phrasdor thecomputatiorof chancestheinstrumenof
gamblersand,for alongtime, of gamblersonly; meaningpy thatword, notthepeople
whoplaywith stocksandmarkets,but with cards dice,andhorses Suchanimpression
wastheinevitable consequencef the coursepursueday earlierwriterson the subject,
who filled their booksentirely with problemsrelatedto gamesof chance. This was
notsomucha consequencef the natureof the subjectasof the stateof mathematical
knowledgeat the time: gamesof chance,nvolving a given and comparatiely small
numberof casesare of easycalculation,and requireonly the applicationof simple
methods;while questionsof natural philosophy or concerningthe commonaffairs
of life, involve very large numbersof casesandrequirea more powerful analysis.
Consequentlythe older works aboundwith questionsupongamesof chance while
laterwritings begin to displaythe power of applyingthe very sameprinciplesto wider
aswell asmoreusefulinquiries.

This objectionto the tendeng of the theory of probability, or the doctrine of
chancesis asold asthe time of De Moivre; who was not, however, ableto meetit,
by extendingthe subjectmatterof his celebratedreatise.In the secondedition, pub-
lishedin 1738.hewritesthus,in his dedicationto a Lord Carpenter:Therearemary
peoplein theworld who arepreposessedith anopinion, thatthe doctrineof chances
hasa tendeng to promoteplay; but they soonwill be undeceied,if they think fit to
look into the generaldesignof this book. In the meanwhile, it will not be improper
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to inform them,thatyour lordshipis pleasedo espouséhe patronageof this second
edition] &c. &c. Thegeneraldesignof De Moivre’s work appeargo be,the analysis
of every gameof chancewhich prevailedin his time; andthe authorseemso have

imaginedthathe couldnot attractattentionto any otherspecief problem.

In reviewing the generl designof the work of Laplace,we desireto make the
descriptionof abookmarkthe presenstateof a scienceln arny otherpoint of view, it
would be superfluouso give anaccountof a standardreatisewhichis actuallyin the
handsof alargernumberof personghanareableto readit.

In consideringhe simplequestionof chancesywe placeourseles,attheoutset,n
hypotheticabossessionf a setof circumstancesandattribute to ourselesexactand
rigorousknowledge.We assumehatwe positively know every casehatcanarrive,and
alsothatwe canestimatethe relative probabilitiesof the several causesThis of itself
hasatendeng to misleadthebeginner becaus¢heknown circumstancearegenerally
expressedy meansof somesimple gamblinghypothesis.A setof balls which have
beendrawvn, 83 white and4 black, placesourselesin the samepositionwith regard
to our dispositionto expectblack or white for the future, asthatin which we should
standif we hadobsened 83 successfuand43 unsuccessfuspeculationsn a matter
of businessit mattersnothingasto the amountof chancedgor the future,whetherthe
obsered even be calledthe drawing of a white ball, or the acquiremenbf a profit.
Neverthelessthe abstractiorof the ideaof probability from the circumstancesinder
whichit is presentedsometimeshrows a difficulty in theway.

The scienceof probabilityhasalsothis in commonwith others thatthe problems
whichmostnaturallypresenthemselesareof aninversecharacterascomparedvith
thosewhich anelementaryanddeductve coursefirst enableshestudento solve. If we
know thatout of 1000infantsborn,900live ayeatr it is sufiiciently easyto understand
why we sayit is nineto oneary specifiedndividual of themwill liveayear Butseeing
thatwe canonly arrive at suchknowledgeby obsenation,andalsothatsuchobsena-
tion mustbe limited, therearisesthis very obvious preliminaryquestion—Haing re-
gistereda certainthousandnfants,andfoundthat,of thatthousangninehundredwvere
alive at the endof a year what presumptiorwould arisefrom thencethat something
like the sameproportionwould obtainif a secondhousandwvereregistered?For in-
stancewouldit bewiseto lay anevenbetthatthetheresultsof the secondrial would
exhibit somethingbetweer850and 950, in placeof 900? Or, to generalizehe form
of thequestion)et usimagineathousandallsto have beendravn from alottery con-
taininganinfinite number;of which it is foundthatthereare 721 white, 116 red,and
163 black. We maythenask, what degreeof presumptioroughtto be considerecdas
established—1Thatthe contentsf thelottery all white, red,andblack,andnot other
colour? 2. Thatthe white andred balls are distributed throughoutthe whole mass,
nearlyin theproportionof 721whiteto 116red?Thisis a questionwhichmustpresent
itself previously to the definition of ary inferenceuponthe probableresultsof future
drawings: but at the sametime, it is not of the mostanddirecteasyclass,requiring,
in fact, the previous discussionof mary methodswhich are subsequenin order of
application.

It is commonto assumehat ary considerablenumberof obserationswill give
a result nearly coinciding with the averageof the whole. The constructorsof the
Northamptonand Carlisle tables(seethe last number p.344)did not think it neces-
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saryto askwhether2,400and861 caseof mortality would themselesfurnisha near
approximationto the law which actually prevails in England. It hadlong beenad-
mitted, or supposedthat a considerablenumberof deathg(no definitenumberbeing
specifiedwould presenttableof mortality. suchasmightbedependednfor pecuni-
arytransactionsilt is truethatsuchis the caseput the propositionis onerequiringthat
sortof examinationanddemonstrationvhich Laplacehasgiven. We shallnot stopto
rekut any conclusionwhich might be drawn againstthe utility of thetheory from the
circumstancesf commonsenséhaving felt for andattainedsomeof its mostelaborate
results:but we shall stopto remark,thatin the caseof a speculationsovery delicate,
sovery liable to be misunderstoodand,above all, accessibléo sosmalla partof the
educatedvorld, it is agreatadvantagethatthereexist suchlandmarksaspropositions
which, thoughdistantresultsof theory yet coincidewith notionsof theworld atlarge,
andaresupposedo have evidenceof their own.

Whenwe have learntthatthe resultof analysisagreeswith generalbpinion,in ad-
mitting the safetyof relying upona comparatrely smallnumberof casedo determine
ageneralverage we thenbecomedisposedo rely on the sameanalysisfor correctly
determiningthe probabldimits of accidentafluctuation.

Thetwo-fold objectof thetheoryis, then,firstly, to determinghe mean or average
stateof things; secondly to ascertairwhat degree of fluctuationmay be reasonably
expected.Let it beremarled,thatthe commontheoryof chancesppliesitself almost
entirelyto thefirst-mentionegroblem;whenwe saythatwe determinedhe probabil-
ity of aneventto betwo-seventhswe mean that, takingevery possiblecasein which
thesaideventcanhappenywe shallfind it happenwice out of seventimes. Suchis the
generalaverage;but, supposinghat we select700 possiblecasesut of the whole, it
doesnot thereforebecomeprobable or morelikely thannot, thatthe eventshallhap-
penprecisely200times,andfail precisely500times. All thatbecomewery likely is,
thatthe numberof arrivals shallbe nearly200, and of non-arrvalsnearly500; andif
is oneof the mostimportantobjectsof thetheory to ascertairwithin whatlimits there
is a given amountof probability thatthe departurérom the generalaverageshall be
contained.

Thequestiorthusenunciateds of no smallpracticalimportanceandto theneglect
of it we mustattribute the supposedhecessityfor the large capitalswith which mary
undertakinggarecommenced(SeelastNumber p.342.) Let usimagineaninsurance
officeto befounded,and,for the sale of simplicity, letit take nolife exceptattheage
of 30. Let the materialsfor its managementonsistin the examinationof a register
of 1,000lives,which have beenfoundto dropin the mannerpointedout, sayby the
Carlisletable. The premiumwhich shouldbe demandeds then easily ascertained;
but its securitydependsipontwo circumstances—IThatthe 1,000livessorecorded,
shallrepresenthe generalmortality. 2. Thatthe amountof businessobtainedby the
office, shallbe solarge asto rendertheir actualexperienceanothermrepresentatiof
the samegenerakverage.Neitherof theseconditionscanbe preciselyattained;some
smallallowancemustbe madefor both;andthe questions, whatamountof additional
premiumis necessaryo cover therisk of fluctuation?—whahumberof insuredlives
will be sufficient to begin with?—or, supposinghatall risks areto be taken, whatis
thesmallestcapitaluponwhich a commencemerntanprudentlybe made withoutarny
securityfor alargeamountof business?
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Perhapsve could notin fewer wordscorvey anideaof the differentstatesof the
sciencean thetimesof De Moivre andLaplace thanby stating,thatthe formercould
have ascertainedhe requisitepremium,andthe latter could have madethe necessary
additionsfor the fluctuation &c.

We now passfrom mattersof business,—ato which we canonly saywhatmight
be done,—togquestionconnectedvith the scienceof obserationandinquiry which
involvesthe actualuseof our physicalsensesthe repetitionof a processwill always
afford a seriesof discordancesyaryingin amountwith the methodused,the skill of
the obsered, andthe natureof the obsenation. If the obseneddiscordancepresent
arythinglik e uniformity of charactewe arenaturallyledto concludethatthey arenot,
properlyspeakingthe resultsof errorsof obsenation, but of someunknown law, by
whichthe predictedor expectedresultthanmight have beenexpected andsometimes
smaller Now, having noticeda setof obsenationswhich do notagreejt is oneof the
first objectsof the theoryto settlewhat presumptiorshouldexist that the variations
are accidental(that is, totally unregulatedby apparentor discoverablelaw), or that
they follow a law which then becomesghe objecton investigation. The casetaken
by Laplace,asanillustration, will do for the samepurposehere. It was suspected
that,independentlyf localfluctuationsthe barometewasalwaysallittle higherin the
morningthanin the afternoon. To settlethis point, four hundreddayswere chosen,
in which the barometemwas remarkablysteady not varying four millimetresin ary
oneday This wasdoneto avoid the large fluctuations,which would have rendered
the changesn questionjf suchtherewere,imperceptible.lt wasfoundthat,the sum
of the heightsat four in the afternoon by four hundredmillimetres, or, oneday with
anothey by a millimetre a day But what canwe infer from sucha circumstanceis
thefirst suggestionA millimetre, or aboutonetwenty-fifth partof aninch, is sovery
smallavariation,that consideringhe natureof obsenation,andthe imperfectionsof
theinstrumentthatmereinstrumentakrrormighthave occasioneduchadiscrepang.
Thetheoryof probabilitiesgivesan entirely differentnotion: it appearghatit is mary
millions to oneagainsisucha phenomenopresentingtself, uponthe suppositiorthat
it wasproducedy nothingbut thecasualmperfectionf theinstrument A verygreat
probability was thereforegiven to the supposition that therereally exists a diurnal
variationof thebarometerin virtue of which, ceterisparibus it is alittle higheratone
particularpartof the daythanatanother

In thisway, Laplaceactuallyusedthetheoryof probabilitiesasa methodof discor-
ery. He expresslyaffirms (p.355),thatthe irregularity of the lunar motion, which he
afterwardsshaovedto dependon the figure of the earth,waspointedout to him asnot
beingof amerelycasuaktharacterby having “soumissonexistenceaucalculdesprob-
abilites” Of anotherf his mostbrilliant results he saysasdistinctly (p.356),“L’Ana-
lyse desprobabilitsm’a conduitpareillementa la causedesgrandsirregularitesde
Jupiteretde Saturn€. Thereis muchin theseassertionsvhichwill appeamota little
singular evento thoseversedin the subject. But therearetwo circumstancesvhich
afford presumptionnot only of the goodfaith of Laplace,but of his freedomfrom a
mistalenbiasfor afavourite subject.In thefirst place,it somavhatlowersthe opinion
which the world at large entertainsof a philosopherwhenhe is found usingmeans,
insteadof penetratingnysteriesy purethought. The Newton of theworld atlarge sat
down underatree,sawv anapplefall, andafteranimmenseeveries thelengthof which
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is not stated got up, with thetheoryof gravitationwill plannedjf notfit to print. It is
painful to be obligedto add,thatthe Newton of Trinity College Cambridge of whom
thereis no mannerof doubtthathe wasthe heroof the precedingnyth, not only was
to alarge extentindebtedo the perusabf whathis predecessonsadwritten, but went
throughyearsof deductionandcomparison,—abandonéis theory on accountof its
non-agreementith someexisting obsenations,—tookt upagainupontrial whennewx
setsof obsenationshadbeenmade,—andn pointof fact,wentthroughadetailwhich
wasa greatdealmorelik e a book-keepingoperation thanthe poeticalprocesf the
fable. Partial asLaplacemight be weddedto it, asto wish it shouldappearthat he
haduseda method,insteadof unassistedagacity The fault of discoverersgenerally
lies in the oppositeextreme;they concealthe simple suggestionsvhich led themon
theroad,andby presenting finishedandelaborataesults,aswell asestablisithem.
Oneof the mostdifficult andoriginalinquiriesin which heengagedwasthe question
of tidesin theatmospheg, answeringo thosein theoceanandproduceddy thesame
causes.Thatsuchtidesmustexist, to somedegreeor other, cannotbe questionedy
ary onewho admitsthe theoryof gravitation: the point wasto ascertairwhethercor-
respondingappearancesouldbe detectedo ary sensibleextent. Laplaceinvestigated
the deductionof the law in a brilliant mannef—andcarefully examinedbarometrical
obsenations,which of courseexhibited a mixedamountof errorandactuallyprevail-
ing law. But uponsubmittingthe resultto the testof the theoryof probabilitiesthere
wasnotfoundto bestrongpresumptiorthatary partof thediurnalvariationarosefrom
suchalaw aswassheavn by theoryto beaconsequencef theluni-solaraction: andthe
theory beautifulasit is, washonestlyabandonedWe assumehen, that Laplacedid
notdeceve himself,whenhe attributeda partof this successn the explanationof the
phenomenap his useof thetheoryof probabilities;andwe passo anotherdivision of
thesubiject.

All obsenationsareliableto error;if we wereto take, for instanceall thealtitudes
which had ever beenmeasuredy a given theodoliteand a given obsener,—andif
we could ascertainvhat the correcttruth wasin eachinstancewe shouldfind mary
obsenationswrong by half-a-minuteor less; but muchfewer in numberwrong by
somethingmorethanhalf a minute. The law of facility of error, is a termwe useto
expressthe chanceof anerrorundera givenamount;to speakmathematicallylet ¢z
expressthe chancethatthe error of a singleobsenationis not sogreatasz is called
thelaw of facility. Nothingcanbe moreobviousthanthatthelaw of facility mayvary
with thephenomenoto beobsened,the generakcharacteof the obserer, his stateof
mindfor thetime, &c. &c.

At the sametime, thereis one conclusionon which all the scientificworld was
agreedon every subject,for every instrument,&c.; namely that whena numberof
obsenationsdisagreedvith eachother the way of determiningtheir mostprobable
result,wasto take theaverage of all the obsenations.But it mustbe obviously proper
to ask,canthis methodbetrue,whatever might have beenthe qualitiesof the obsener,
the instrument,&c.? Is it likely that the samerule for deducingthe probabletruth
would applyto thebunglerandthepractisecbbsenrer, thenearandthefar-sighted,—to
Hipparchuswithout a telescopemissingwhole degreesand Bradley, with his zenith
sector missingseconds?Therenever was perhapsa case,in which the applications
of strict investigationwas morelikely to play havoc with the prevailing opinion of
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precedingages.Suchwasnot, however, the case;andwe have herea striking instance
of themanneiin which existing notionshave beenconfirmedby the marchof science.

The theory of probabilitiesdravs a remarkabledistinction betweenobsenations
which have beenmade andthosewhich areto be made.Supposeét requiredof anex-
perimenterthathe shouldchooséhis methodof treatingresultspreviouslyto obtaining
them,andthen,whatever histendeng to err maybe, providedonly thatheis not more
likely to measurdéoo muchthantoo little,—or in technicallanguagethatpositive and
negative errorsareequallylik ely,—the methodof averagingis the bestwhich he can
take. But let him be allowedto deferhis choiceof a processuntil the obserationsare
finished,andthe processf averagingis notthenthe bestwhich canbe chosenunless
it canbe shaovn thatoneparticularlaw of facility, pointedout by thetheory is theone
to which heis really subject. Somelittle accountof the reasonof this paradoxmay
be easilygiven. The probability of arny eventis not a quality of the eventitself, but
animpressiorof the mind, dependinguponour stateof knowledgewith regardto the
cause®f theevent. If A feel certainthatan urn containsnothingbut white balls,and
B thathalf its contentsareblack, thetwo arereally in differentcircumstancesandthe
probability of a drawing beingwhite is not the sameto both. Now befoie the obsera-
tionsaremade thereis no presumptionio guidethe obsenerin suspectingrny law of
facility; but afterwards,the obsenationsthemselesfurnish animperfectknowledge
of the law of facility. For instancethis muchat leastwill be seenthatif the results
of obsenationbe nearto eachother, thetendeny to erroris small,andif they differ
very much, the sametendeng is considerable Now sinceit is alwayscompetento
the obsener to choosehis methodof proceedingvhenhe pleasesit follows, thatthe
commonnotioncannotbe strictly applicableto theresultsof ary case.

But at the sametime it appearedsingularlyenough thatwhateser the law of fa-
cility maybe,themorenumeroughe obsenationsthemorenearlydoestheir average
presenthe mostprobableresult. And morethanthis, the approximatiorimpliedin the
precedingsentencdakesplaceso rapidly, thata moderatenumberof obsenationsis
sufficient to allow of its application. Thereis anotherconsiderationwhich cannotbe
explainedto ary but the mathematiciannamely thatthe law of facility, underwhich
theaveragés strictly themostprobableresult,containsanarbitraryconstantby means
of which a particularcaseof it maybe madea sufficient approximatiorto any law of
facility which canbe believedto exist. Practicallythen,the methodof averaging,as
universally used,hasthat tendeng to promotecorrectnessas comparedwith other
methodswhichit hasalwaysbeenthoughtto have.

Asi it is ratherour objectto shev the bearingsf the scienceon the notionsof man-
kind, thanto make a digestof results,we shallheretake noticeof anothertheoremjn
which propositionsgenerallyadmitted but apparentlywholly unconnectedareshavn
to be dependentsothatoneof themcannotbe true withoutthe other It hasnotbeen
noticedby Laplace,but hasbeendeducedy oursehesform the principlesemployed
by him andothers.

Firstly,—thevalueof ary sumof money is always consideredasdependentipon
the whole of which it forms a part. A guineais nothingto a rich man, but a great
dealto a poormanand,on thesameprinciple,no tradercontemplateshe gainor loss
of a givensum, otherwisethanwith referenceo the whole capitalwhich is invested
to produceit. Among the variouswaysin which a part may be comparedwith the
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hole,the simpleproportion,percentagepr whateser it maybe called,is thatwhichis
universallyadoptedwe shall say then,thatthe valueof ary pieceof money is to be
measuredy its proportionto thewhole sumof whichit is consideredo beapart.

Secondly—theeffect of life assurancés consideredin a point of view imported
by its name:it is not calledtheinsuranceof a certainsumof money at death but the
insuranceof life. It is thentakenasplacingevery personwho avails himselfof it, in
thepositionof beingsureto live acertaintime. But, if we considerthatthosewholive
long mustpaymorethanthey receve,in orderthatthosewho die beforetheirtime may
recevve morethanthey pay; it is clear thatlife insuranceamountsto an equalization
of life, or the assigningto eachpersonthe averageshareof life. Thusthe effect of
guaranteeingumsof money atdeath for premiumsproperlycalculatedjs equivalent
to insuringthe averagetermof life.

Thesetwo propositionshoth,to all appearancesighly reasonabl¢o themseles,
arenotvisibly connectedvith eachother:eithermightbetrue,it shouldseemwithout
the other But this is not the fact; for it canbe shavn, thatif eitherof thembefalse,
the otherfalls with it. If, for instancea personshouldaffirm, thata guineato a man
who is insuredfor a hundred,is to be consideredas preciselythe samething asthe
samesumis to anotherpersoninsuredfor a thousandthenit canbe provedthat he
contradictshimself,if heimaginesthatthe effect of life insuranceds equivalentto the
equalizationof life in all personsvho begin at the sameage. Thereis greatanalogy
betweenthe dependencg@ist explained,andthat which prevails betweernthe method
of averaging,andthe existenceof one particularlaw of facility; and mary common
notions,examinedby thetestof thetheoryof probability, will eitherconfuteor confirm
eachother

The crowning propositionin the applicationof the theoryto naturalphilosophy
is undoubtedlythat known as the methodof least squaes to which astronomy in
particular lies undervery greatobligations. In fact,we may safelysay thatthetime
musthave arrived,when,but for this aid, additionalobsenationwould have ceasedo
carryadditionalaccurag into ourknowledgeof thecelestiaimotions.It will somavhat
diminishthe effect of thetechnicalterm“methodof leastsquare$,if we state thatthe
methodof averagingis a particularcaseof it, so thata farmer who calculateshis
probablecrop by takingan averagebushelfrom severalsoils, proceedsy the method
of leastsquaresasmuchasanastronomemwho usest to determinehe elementof a
cometsorbit. We remembehaving heardthefollowing problemproposedwhichis an
ingeniousllustrationof thecase$o whichthemethodapplies.A largetargetis erected,
with a smallchalk mark, (not necessarilyn the middle) anda numberof personsall
of whomaretolerablycertainof hitting the target,andall of whomareequallylikely
to missthe chalkin ary directionfrom it, fire in successionsaywith sharp-pointed
arrows. The chalkis thenrubbedout, andthetarget, with all the arrows stickingin it,
is presentedo a mathematicianwho is requiredto saywhat point, judging from the
positionof the arrows, is the onewhich wasfired at. His investigationwill leadthem
to the following result; he mustascertairthatpointin the target, from which, if lines
weredrawn to all the pointsof thearrows, the sumof the square®f thoselineswould
bethe leastpossible.Fromthe answerto suchquestionsalwaysrequiringthe sumof
certainsquarego be madetheleastpossible the methodderivesits name.lt is not of
courseassertedthat the processdescribedvould infallibly discover the placewhere
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the chalkmark existed;but if the samepersonwereto try the methodupona hundred
suchtamgets,losingattherateof agivensumfor everyinch by whichhewaswrong,he
would certainlyloselessby actingin themannermescribedhanby ary otherprocess.

Singularlyenoughjt wasnotasaresultof thetheoryof probabilities but asa con-
venientandeasilypracticableprocessthatthe methodof leastsquaredirst appeared.
LegendreandGaussindependentlpf eachother(thoughtheformerfirst publishedt)
sav the utility of suchanadditionto astronomicatomputation.It is to Laplacethat
we owe its introductionasthe besttheoreticamodeof ascertaininghe mostprobable
resultof discordanbbsenations. His investigationwantsclearnesandelegance;but
is in otherrespect®neof his mostbrilliant labours. The beauty generality andsim-
plicity of theresultsecuredor it animmediateadmissioninto every processthough
the demonstrations of a kind which thereare not mary to understandthe process
is onewhich hasthe air of beinghighly probable andseemsdn itself to be free from
objectionswhich mightbe proposedagainsiany othermethod.But atthe sametime it
appeargo us,thatmary have usedit without a thoroughcomprehensiownf its mean-
ing; andjustaswe now saythatastronomymusthave stoppedts careerof increasing
accurag, if themethodof leastsquarehadnotbeenintroducedsowe will ventureto
hopethatthe time mustcomewhenthe sameremarkshallbe madeuponanimproved
andextendedway of usingit.

Thedifficulty of admittingseveralpointsconnectedvith thetheoryof probabilities
arisesrom the neglectto make animportantdistinction;namely betweerthe correct-
nessor incorrectnessf the hypothesisassumedandthat of the inferencesvhich are
dravn fromit. Letit be proposedo apply mathematicateasoningo the valuationof
the credibility of evidence,andthe answerappeardo be simple—namelythatsucha
propositionmustbe the resultof an overheatedmagination. Thatwould be a fair an-
swerif it wererequiredto applycalculatiornto thecharacteandactionsof agivenman,
with aview of ascertainingvhetherhewaslikely or notto tell thetruthin a particular
case Mathematicsvill nottell uswhetherA andB arecrediblewitnessesnotwhether
supposinghemcredible theirevidencewill beasmuchasshouldin prudencéecon-
sideredsufficient for the establishmenof ary particularpoint. Nor will mathematics
enableusto measuralengthin feet,or to reasoruponit, unlesswe first know by other
thanmathematicaineanswhatis thatlengthwhichit is agreedo call afoot. Butleta
foot beknown, andwe canthenassignlines, areasandsolids,by meansof numbers;
and,in like manney let the credibility of onewitnessbe given, andwe canthende-
terminethatwhich resultsfrom the evidenceof ary number contradictedy ary other
number By the credibility of a withess,we aresupposedo meanthe probabilitythat
anassertioradvancedy him will becorrectthemomentbeforetheassertions made.

For instancesupposeét admittedthata jury of twelve men,all equallylikely to be
correctin ary particularverdict,decidewrongly onceout of fifty times.It is amatterof
purealgebrato find out how often eachof them,usinghis own unassistegudgement,
would cometo erroneouddecisions. It is alsothe province of algebrato determine
how often a jury would err, if, uponthe precedinghypothesisasto the correctness
of twelve men, the numberwere reducedor increased. Laplace,and othersbefore
him, have madeextensive applicationsof analysisto suchquestionsput their labours
in this respecthave beenmisunderstoodand always mustbe, until the province of
mathematicateasoningds betterunderstoody theworld atlarge.
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We have now, we believe, briefly toucheduponthe principle subjectswhich are
to be foundin the ThéoriedesProbabiliés. The subjectis onewhich mustmalke its
way slowly, having to extricateitself from its old conneion with gamesof chance,
beforeit cantake its properplaceasanagentin statisticaland political enquiry One
of our principal objectsin writing the presentrticleshasbeento shawv thatthe nature
of probabilitymaybetreated andits resultsapplied without mentionof dice or cards.
Laplacehimselfhasintroduceda few problemsconnectedvith commongambling,in
someinstance®n accounf their historicalnotoriety in othersbecausehey afforded
easyand striking examplesof the applicationsof generatingunctions,the theory of
which wasintroducedin his work. But the greaterpart of the treatiseis full of such
questionsasthosewhich have beenalludedto in the precedingpagesbearingin the
mostdirectmanneron theway to draw correctinferencegrom physicalandstatistical
facts.

If we canmalke afew reflectingindividualsunderstandthat,bethetheoryof prob-
abilities true or false,valuableor uselessjts merits mustbe settledby referenceto
somethingnorethanthe consideratiorof afew gamesat cards we shallhave doneall
whichwe venturedo proposeto ourseles.
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