Application of Calculus of Probabilities to a Problem in &ieal Geometry
(Extract from a letter of Gauss to Schumacher,
Astronomische Nachrichtekol.1, p.80

As you requested, | am sending you the rules concerning thefusie method of
least squares in the addition of the following problem:

To determine the position of a point from the horizontal asgibserved from
this point between other points whose position is known #yxac

This question, which is very elementary, can cause no diffica those who have
grasped the spirit of the method of least squares. Nonethékhall develop the for-
mulas to which this method leads for the benefit of those why haae to deal with
the practical question without studying the theory.

Let a and b be the coordinates of one of the given points; weslygpose that one
takes the positive direction from north to south and the positiyeirection from west
to east; letr andy be the approximate coordinates of the unknown point@andiy
the corrections, as yet unknown, which should be applietiémt Let us define two
quantitiesp andr by the formulas

b—y a—x b-—y

tan @ = r = =
¢ a—x’ cos¢p  sing

being taken in such a quadrant that the value igfpositive.
Further, let us put
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Then for an observer placed at the second point, the azinfutiedirst (taking the
azimuth of a line parallel to the axis to be zero) is

¢+ adz + Bdy,

where the last two terms are expressed in seconds.

Let¢’, o/, 8’ be the quantities corresponding#pa, 3 relative to the second of the
given points¢”, o, 3" those of which refer to the third, and so on. Let us suppose
that for the angular measurements taken at the point whosiéiguois unknown, a
theodolite has been used without repetition, with the lensed successively towards
the various known points without the position of the instamrnitself being changed.

If h, B/, h'"" are the observed azimuths, one would have, assuming thevaheas to
be rigorously exact andl, dy exactly known,

¢—h+adz+Bdy=¢ —h +d'de+Bdy=¢" —h" +ad"de+p"dy... (1)

Thus if one writes down that three of these differences hiagesame value, one
will find the approximate values fatr anddy; if only three points have been observed
there is nothing more to be done; but if the number of pointssiciered is larger, the
errors will be best compensated for by taking the averagbewarious expressions



(1), setting the difference of each of them from the averagekto zero, and applying
to these equations the method of least squares.

If all the measurements are independent of each other, eschfahem furnishes
an equation betweedr anddy, and it is necessary to combine these equations by the
method of least squares, taking account, if one wishes,edfittequal precision of the
observations.

For example, let i be the angle between the first and secomtt, pbthe angle
between the second and third, and so on, reckoning always lgét to right; one
obtains the equations

g - ¢ - 1 + (¢ - adz + (F - PBdy = 1
§ - ¢ - 1+ (o - e+ (B - By = 1

If the various measurements have the same weight, one ebitaim these equa-
tions two normal equations, by adding them, after havingassively multiplied each
one by the coefficient afx or by the coefficient ofly.

If, on the other hand, the measurements of the angles areegfuah exactitude,
and, for instance, the first is based prand the second op’ repetitions, then it is
necessary in the two cases to multiply the equationg,hy, etc., before the addition;
subsequently one findae, dy, etc. by elimination between the two normal equations
so obtained.

(The preceding rules are only intended for persons to whamtathod of least
squares is still unknown and for whom it would perhaps be waseecall that in the
multiplications, the signs af’ — o, 5’ — 3, etc. must be rigorously preserved. Finally,
| remark again that we are considering only the compensafi@nrors committed in
the angles, coordinates of the given points being suppossed.§

Let us apply the preceding rules to the observation which vadertogether on
the Holkensbastion, at Copenhagen. | must warn you thatethdts here cannot be
rigorously exact. Since the observed points were very ¢hoee station, an inaccuracy
of ten or twenty feet in their position would exert an influemmauch greater than the
errors which are usually to be expected in measuring angless one should not be
surprised that the best adjustment of the angles leaveseliftes much larger than one
admits as possible in observations of such a nature. Thigcappn should be taken
as an example of the procedure to follow in other cases.



Angles measured from the Holkenbastion

Friedrichsberg - Petri 7 35 228

Petri - Erlosersthurm 104 57 33.0
Erlosersthurm - Friedrichsberg 181 27 5.0
Friedrichsberg - Frauenthurm 80 37 10.8

Frauenthurm - Friedrichsthurm 101 11 50.8
Friedrichsthurm - Friedrichsberg 178 11 1.5

Coordinates of the various points in Paris feet,
the origin being at the Copenhagen Observatory

Petri 487.7 +1007.1
Frauenthurm 710.0 + 674.2
Friedrichsberg 2430.6 +8335.0
Elossersthurm 2940.0 — 3536.0
Friedrichsthurm 3059.3 — 2231.2

The approximate coordinates of the Bastion are

x = 2836.44
y= 444.33

and thus we find the azimuths

Petri 166 30 42568 + 19.92ix + 83.04ly
Frauenthurm 173 33 50.54 + 1080 + 95.78ly
Friedrichsberg 92 56 29.46 + 26406 + 1.3y
Erlosersthurm 271 29 2538 — 51.79% - @ 1.35y
Friedrichsthurm 274 45 41.48 — 76.56Gix 6.38dy.

The angle which one sees the distance from Petri to Frieslyery is consequently
73° 34" 3.10"” — 6.15dx + 81.70dy;
and setting it equal to the observed angle, one has
—79.70" — 6.15dz + 81.70dy = 0
Similarly one obtains the following equations

69.82" — 71.71dz — 84.39dy =0
9.08 + 77.86dx+ 2.69dy =0
0.28 — 15.27dx + 94.44dy =0
0.04 — 15.27dx +102.16dy = 0

3.42+102.63dx + 7.72dy =0



Supposing the observations to be equally precise, one dedtmm this the normal
equations

29640dx + 14033dy = 4168”
14033dz + 33219dy = 12383"

and consequently
dr = —0.05, dy = 0.40;

the coordinates of the Bastion are therefore

2836.39
444.73.

The differences between the observed values of the angteshase which one
calculates from the results are too big for one to be ablettipate them to errors of
observation; they indicate, as we observed, a lack of pogcia the determination of
the known points.

The coordinates andy, taken as first approximations, were deduced directly from
the fourth and fifth angle. Although the direct method shdwddconsidered an al-
most exhausted subject, | shall nevertheless indicatéhéosake of completeness, the
method which | employ in such a case.

Let a andb be the coordinates of the first known point; those of the séedh be
of the form

a+ RcosE, b+ RsinE,

and those of the third
a+ R cosE', b+ R'sinF.

Let
a+ pcosé, b+ pcose

be the desired coordinates of the point from which one is ofsg let M be the
observed angle (always from left to right) between the fingt second point, andl/’
the angle observed between the first and third (supposingith@cessary, one has
subtracted 180 degrees); let

R’ _ ’
sin M’

R

s — @
E-M = N, EE-M = N
Thus one has the two equations
p=mnsin(e — N), p' =n'sin(e — N’)

which, written in the following way

n=— ————-— n =

sin(e — N) sin(e — N’)



are solved by the method set forthTiheoria Motus Corporum Coelestiyipage 82.
One of the solutions set forth in this place leads to the fahg rule. Letn’ be
larger than, or at least no smaller thanwhich is obviously permissible, since one

may choose the second point arbitrarily; then setting

n
= tan ¢
tan (N’ — N) _
2
— = T =4
tan(45° — () an ¢

and one will have )

Since is known, one of the equations, or indeed both of thethfusnish the value of
p-

In our example, if we consider Frauenthurm as the first p&in¢drichsberg as the
second and Friedrichsthurm as the third, we have

a = 710.0 b = 684.2

E = 77°19'31.92" F' = 308° 51" 45.77"
logR = 3.8944205 logR" = 3.5733549

M = 99°22/50.20" M’ = 101° 11’ 50.80"
N = 337°56'42.72" N’ = 207° 39’ 54.97"
logn = 3.9002650 logn’ = 3.5817019

and,n’ being larger thatn, we shall change the order and put

N 207° 39'54.97" N” = 337° 56’ 42.72"
logn = 3.5817019 logn’ = 3.9002650;

from this one obtains

¢= 19°39 3.87"
6= 80 45 31.69
€ =335 33 50.53 logp = 3.3303990

and as coordinates of the Holkensbastion,

2836.441 444.330.

Taken fromWork (1803-1826) on the Theory of Least Squatems. H F Trotter,
Technical Report No.5, Statistical Techniques ReseardugPrinceton, NJ: Prince-
ton University 1957.



