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This Memoir being a sequel to that which has appeaed under the same
objed in the precaling Volume, | will conserve the order of the aticles and o
the sedions. | have given, in the first article, a general method to reduce to
highly convergent series the differential functions which contain some fadors
raised to grea powers. In the second article, | have restored to this kind o
integrals all the functions given by some ejuations linea in the ordinary or
partial differences, finite and infinitely small; and | am thus arrived, in the third
article, to determine the gproximate values of many formulas which are
encourtered frequently in Analysis, bu of which the gplicaion becomes very
painful when the numbers of which they are functions are large. There remains
to me presently to show the usage of this analysis in the theory of chances.

ARTICLEIV.
Application d the preceading andysis to the theory of charnces.

XXX,

All events, even thase which by their small nessand their irregularity seem to
not depend uponthe genera system of nature, are aseries as necesssry as the
revolutions of the Sun. We dtribute them to chance, becaise we ae ignorant of
the caises which produce them and the laws which link them to the gred
phenomena of the universe; thus the gparition and the movement of comets,



which we know today depend onthe same law which restores the seasons, was
regarded yesterday as the dfed of chance by thase who arranged these stars
among the meteors. The word charnce expresses thus only our ignorance of the
causes of the phenomena which we see to happen and to succeeal themselves
withou any apparent order.

The probability is relative in part to thisignorance, in part to ou knowledge.
We know, for example, that out of threg or a greaer number of events, ore
alone must exist; but nothing brings to belief that one of them will arrive rather
than the others. In this date of indedsion, it is impossble to pronource with
cettitude on their existence It seans to us however probable that one of these
events, taken at will, will not exist, becaise we seemany cases equally possble
which exclude its existence, while one done favorsit.

The theory of chances consists therefore to deduce dl the events which can
take placerelatively to an oljed, into a cetain nunber of equally possble cases,
that is such aswe ae equally undedded ontheir existence and to determine the
number of the cases favorable to the event of which we seek the probability. The
ratio of this number to the one of al the passhle caes is the measure of this
probabilit y.

All our judgments on the things which are only probables are founded onthe
parale ratio: the difference of the fads which ead man has on them and the
errors which we commit in evaluating this ratio give birth to that crowd of
opinions which we seereign onthe same objeds; the mwmbinations of this type
are so delicae and the illusions o frequent, that a grea attention is often
necessary to escgoe the aror.

The theory of chances offers a grea number of examples, in which the
results of Analysis are entirely contrary to thase which present themselves at
first glance that which proves how often it is useful to apply the caculus to the
important objeds of civil life; and, when even the posshility of these
applications would olige to make some hypotheses which would be only
approximate, the predsion d the anaysis renders always the results of it
preferable to the vague reasonings which we anploy often to trea these objeds.

The precaling nation d the probability gives a quite smple solution to a
guestion agitating to some philosophers, and which consists in knowing if the
past events influence on the probabiliti es of the future events. We suppcse that
in the game of croix & pile we have brought forth croix more often than pil e; by
that alone we will be brought to believe that, either in the @nstitution d the
coin, a in the manner of casting it, there exists a wnstant cause which favors
the first of these events; the past trials have then ore influence on the probability



of the future trials, but, if we ae aswred that the two faces of the win are
perfedly similar, and if moreover the drcumstances of its projedion are & eat
trial varied, in a way that we ae restored withou ceaing to the state of an
absolute indedsion onthat which must happen, the past can have no influence
on the probability of the future, and it will be evidently absurd to take acourt of
it.

When the possbility of the smple events is known, the probability of the
compasite events can often be determined by the sole theory of combinations;
but the most general methodin order to attain it consists in olserving the law of
the variations which it sustains by the multi plicaion d the simple events, and to
make it depend on o equation in the ordinary or partia finite differences: the
integral of this equation will give the analytic expresson d the sought
probability. If the event is © compasite that the use of this expresson becmes
impossble, because of the grea number of its terms and o its fadors, we will
have its approximate value by the method exhibited in the precaling articles. We
will see a example & the end d this Memoir.

In agrea number of cases, and these ae the most interesting in the analysis
of chances, the posgbilities of the simple events are unknowvn, and we ae
reduced to seek in the past events ome indices which can guide us in ou
conjedures on the future. But in what manner do these events unfold to us, in
expanding themselves, their respedive paosshility? According to what laws do
they influence on the probability of future events? These ae some difficult
questions, of which the solution requires sme very delicae metaphysicd
considerations and a sensitive analysis. The difficulty of solving them makes
itself felt principally when the question is to ascertain some small diff erences
through the observations, becaise then a wnsiderable number of observed
events can indicae only these diff erences with a very small probability; and, if
we use these erentsin very grea number, we ae lead to some formulas of which
it is impaossble to make use. It is therefore indispensable then to have asimple
means to oltain the law acwrding to which the probability of a result indicaed
by the observations increases with them, and the number to which the observed
events must be raised in order that, this result aaquiring a grea probability, we
are justified to reseach the caises which produceit. | have given moreover the
principles and the method recessary for this objed, and this method has the
advantage of being as much more predse & the observed events are in greder
number: the analysis exhibited in the preceading articles having lead me to
generalize it and to simplify it, | am going to present it here in a new day, by
giving some very convenient formulas in oder to determine, after the



observation d results composed of a grea number of simple events, the
paosshiliti es of these events, the differences that the time, the dimate, or other
causes can produwcein it, and the probabilit y of future events.

In order to clarify this method by an example, | will apply it to some
problems on the births: it is an important objed in the natural history of man,
and the observation dfers in this regard some remarkable varieties relatively to
the difference of the sexes and d the dimates, but they are so smal in
themselves that they can become sensible only by a grea number of births. By
comparing those which have been olserved in the grea cities, | find that from
the north to the midde of Europe they indicate agreder possbility in the births
of boys than in thase of girls, with a probability so very nea to certitude that
there eists in natural philosophy no result better established by the
observations. This superiority in the possbility of the births of boys is therefore
a general law of nature, at least in the part of the globe that we inhabit; and, if
we @nsider that it subsists despite the grea varieties of climates and o
productions, which take placefrom Naples to Petersburg, it will appea probable
that this law extends to the whole Earth.

An equally interesting result and which the observations indicae with grea
probability is that the possbility of the births of boys, relatively to that of the
births of girls, is not everywhere the same. It is here espedaly that it matters to
have an easy methodto compare avery grea number of births and to determine
the probability which results from it that the observed dfferences are not due to
chance these diff erences are so very small that often many milli ons of births are
necessary to establish that they are the result of always adive caises and that we
must distinguish them from those small varieties which chance done brings
forth in the successon d the equally possble events. | give, in order to oltain
this probability, some very simple formulas, by means of which we can
immediately judge its magnitude: these formulas, applied to the births observed
at Londonand at Paris, give aprobability of more than four hunded thousand
against one that the posshility of the births of boys compared to that of the
births of girlsis greder in the first of these two citi es than in the second, whence
it follows that there exists very probably in Londona cause greder than in Paris
which renders the births of the boys superior to those of girls. The births
observed in the redm of Naples sems to indicae similarly in this redm a
greder passhility than in Paris in the births of boys; but, although the sum of the
observed hirths in these two places is elevated to more than two millions, this
result is hardly indicated with a probability of one hunded to ore. Thus, in arder



to pronourceirrevocably onthis objed, it is necessary to await a greaer number
of births.

XXX

Whatever be the manner in which two events are linked the one to the other,
it is clea that the probability of their sum is equal to the probability of the first,
multiplied by the probability that, the one taking place the second must
smilarly exist; we will have therefore this last probability in determining a
priori the probability of the sum of two events and by dividing it by the
probability of the first event determined a priori.

In order to expressanalyticdly this result, we name E and e the two events;
E + e their sum; V the probability of E; v that of E + ¢; and p the probability of
e, by suppasing that E exists. We will have, thisput,

p= VA
This quite simple equation is the basis of the following researches, and all
the theory of the probability of causes and d the future events, taken from the
past events, result from it with a grea ease. Let us e first how it gives the
respedive probabiliti es of the different causes to which we can attribute an
observed event.

XXXIV.

Let E be this event and we suppacse that it can be dtributed to the n causese,
e @ e~ if we name p{") the probability of the caise e, taken from
the event E, V the probability of E and v that of E + (), we will have, by the
precaling sedion,

m_?
p V&
It is necessry now to determine v and V; for this we will observe that the
probability a priori of the existence of the cause e(") is 1; by naming therefore
a, ) a@ . o™ the respedive probabilities that, the caises e, eV,
e®. ... being suppcsed to exist, the event E will take place 22 will be the

probability of E + ) determined a priori: it is the quantity which we have
named v.



The sum of al these probabilities relative to ead of n causes will be
evidently the probability of E, since this event can arrive only by one of these
causes, we will have therefore

1
V = E(CL—FCL(I) 4 _|_a("—1))’

hence
a®

a-+al) a2 +... 4 gh-1)’

o) =

that is that we will have the probability of one cause, taken from the event, by
dividing the probability of the event, taken from that cause, by the sum of all the
simil ar probabiliti es.

We suppcse, for example, that an urn contains threeball s which can be only
white or blad; that after having drawn from it a ball we remit it into the urn in
order to proceeal to a new drawing and that after /. drawings we have brought
forth only white balls: it is clea that we can make a priori only four hypotheses,
because the balls will be entirely white or entirely bladk, or two will be white
and ore blak, or two will be bladk and ore white. If we mnsider these
hypotheses as © many different causes e, (), e®) ) of the observed event,
the respedive probabiliti es of this event, taken from these causes, will be 1,
(2)™, ()™, 0; these ae the quantities which we have named a, aV), a®, a/®.
The respedive probabiliti es of these hypatheses, taken from the event, will be
therefore, by the preceading formula,

3" 2m 1

0.
3mypomy 1’ gmypomy 1’ 3myomy 1’

We see besides, that it is uselessto have regard to the hypotheses which
exclude the event, because, the probability of the event resulting from these
hypotheses being null, their omisson changes not at all the value of p(".

XXXV

The paosshility of most of the simple events is unknaovn and, considered a
priori, it seemsto us equally susceptible of all the values from zero to unty; but,
if we have observed a result compased of many of these erents, the manner in
which they enter it renders ome of these values more probable than the others.



Thus, in measure & the observed result is composed by the expansion d simple
events, their true posshility is made more and more known, and it becomes
more and more probable that it falls within some limits which are narrowed
withou ceaing and ending by coinciding when the number of simple eventsis
infinite. In order to determine the laws acarding to which this paosshility is
discovered, we will name it z. The known theory of chances will give the
probability of the observed result in afunction o z; let y be this function. If we
regard the different values of = as © many causes of the observed result, the
probability of x will be, by No. XXXV, equal to a fradion d which the
numerator is y and d which the denominator is the sum of all the values of y.
By multiplying therefore the two terms of this fradion by dz, this probability

will be fyyd;x, the integral of the denominator being takenfromz = 0tox = 1.
The probability that z is contained between the two limitsz = f# andz = ¢
is, consequently, equal to %Z; , the integral of the numerator being taken from

x = 0 toxz = ¢’ andthat of the denominator being taken fromz = 0toz = 1.

The most probable value «x is that which renders y a maximum; we will
designate it by a: the least probable values are those which render y nul. In
nealy all the caes, this happens at the two limits x = 0 to x = 1. Thus we will
suppase y nul at these limits, and then ead value of y will be acorrespondng
value which will be equal to it at the other side of the maximum.

If the values of z, considered independently of the observed result, are not all
equally possble, bu that their probability is expressed by a function z of z, it
will sufficeto change, in the preceling formulas, y into yz, that which returns to
suppasing al the values of = equally possble and to considering the observed
result as being formed of two independent results, of which the probabiliti es are
y and z . We can therefore restore in this manner all the cases to those where we
suppcse an equa posshility to the different values of = and, by this reason, we
will adopt this hypothesisin the foll owing reseaches.

XXXV .

We will consider aresult compaosed o avery grea number of simple events
and suppcse that, after the observation d this result, we wish to have the
probability that the posshility = of these events not surpassany quantity 6 less

than a; this probability is, by the precaling sedion, equal to the fradion %Z; :

the integral of the numerator being taken from z = 0 to «x = # and that of the
denominator being taken from z = 0 to z = 1. We will have these integralsin a




highly convergent series by the formulas of No. VI. If we make first —% =,

and if we designate by U and J that which v and y becme when we dcange «
into &, formula (a) of this dion will give, for the expresson in series of the
integral [y dx takenfroma = 0toz =6,

B dU  d(UdU)
/ydx— UJ[l—I—dQ—I— 102 + .

If we name next Y the maximum of y or that which this function becomes
when we dhange z into a, if we make

r—a

:u’
v/91ogY — logy

these logarithms being hyperbdic, and if we designate by U7, 4, U2 that
which u, 42 4v " pemme when we change z into a, formula (d) of the same

sedion will give for the expresson in series of the integral [y dz, taken from
r=0toxr =1,

1 d?U% 1.3 dWUS
/ydw - Yﬁ(U T o12d2 T 2 123448 T >

7 being the ratio of the semi-circumference to the radius. The probability that x
isequal or lessthan 6 will betherefore

—UJ[l +du dUdY) ]
1 _d2U3 1.3 _ d*U5 :
Yﬁ(U T 31242 T % 1234d2 T )
The numerator of this sries forms a divergent series of 4 isvery nea to a; in

this case, we will have theintegral [y dz fromz = 0 to = = ¢ by formula(c) of
No. VI, andwe will findfor the expressonin series of thisintegral

1 d2U3 1.3 d4U5 2
y 1 0 OV Y [ diet
/yd%’ (U T 97 2de2 T 2 1234408 >/ )

_Ye U (AUt L PUP
2 dx 1.2 da? ’

the integral relative to ¢ being taken from¢ = T to ¢ = oo, T being gven by the
equation



T2=logY — logJ,

in which the logarithms are hyperbdlic, and e being the number of which the
hyperbadlic logarithm is unity. The probability that z is equal or lessthan 6 will
be therefore given by thisformula

2 2773
) Jaret  T(E AT+ )
VT 2f(U + 3t )
We can, in every case, determine by means of formulas (a') and (bY) the
probability that « isequal or lessthan 6, 6 being smaller than a.
If 8 surpases a, wewill makel — 9 = 6,1 — z = 2/ and, by naming 3/ that

which y beaomes, we will seek the probability that z’ is equal or lessthan ¢ by

the formula fy Zx, , inwhich theintegral of the numerator istaken fromz’ = 0 to

x' = ¢, that of the denominator being taken from «/ = 0 to «/ = 1. Formulas
(@) and (b') will give this probability, by changing y, ., v, #intoy’, ', v, §'; by
subtrading it from unity next, we will have the probability that - is equal or less
than 6.

Theintegra [dte* isencourtered frequently in this analysis, and, for this
reason, it will be very useful to form a Table of itsvalues, from¢ = co to ¢ = 0.
When this integral istaken from ¢ =T to ¢ = oo, T being equal or greder than
3, we can make use of the formula

T2
1 13 135
d diet =% _[1_ _
©) / ¢ 2T o2 T aTi  gTe )

which will give avalue dternately greaer or lesser than the true.

XXXV 1.

We will determine the probability that the value of x is contained between

the two limitsa — 6 and a + ¢’ ,which embraces the value of a correspondng to

the maximum of y. This probability is equal to %d’” the integral of the

numerator being taken from z=a—0 to x =a+6¢, and that of the
denominator being takenfromz = 0tox = 1.

We suppase # and ¢ very smal and such that the two values of y,
correspondngto x = a — # andto z = a + &', are gua to ore same quantity




which we will designate by J; formula (c) of No. VI will give, very nealy

/ydac = YU/dte_t2,

the integral relative to x being taken from z =a — 6 to x = a + ¢, and the
integral relative to ¢ being taken from ¢=—./logY —logJ to

42

= 4/logY — logJ; the sought probability will be therefore equal to fd\t/‘; .
y being suppeed to have for fadors some very elevated powers, the
exporents of these powers beaome wefficients in its logarithm, so that, if we
designate by « a very smal fradion, logy will be of order é, and

v/1ogY —logJ will be of order i% a least when Jis very littl e different from
Y.

We suppcse that it differs from it rather little in order that /logY — logJis
equal to L% A being positive and lessthan unty; if we reducelogJinto a series

ordered with r&eped to the powers of 6, the function /logY —logJ will
beaome of thlsform Q- thus, in order that it be of order A,|t|s necessary that ¢

be quite small of order o'z we will prove the same th| ng relatively to ¢'. The
interval 6+ ¢’ contalned between the two limits a — 6 and a + 6" will be
therefore of order o'z ; it will be a@nsequently as much lessas the events will be
more multiplied, so that it will become null if their number is infinite, and, in
this case, the two limits will confound themselves with the value of a which
corresponds to the maximum of .

In order to have the probability that the value of z is contained within thwe
limits, it is necessry to determine the integral fdte_t from { = ——= to

% Thisintegral is evidently the doube of the integral [ dt et taken from

t =0 to t = o, less the doulde of that same integra taken from ¢ = to

SD|
[

t = oo; now we have, by No. 1V,
fact =

the integral being taken from ¢ = 0 to ¢ = oo; we have moreover, by formula (c’)
of the precaling sedion,

10



1 2 _1 o 30
die? = —qre o [1 - — 42— _ ...}
/ e gQe ( 2—|— 1 >,

theintegral [dt e, takenfromt = —-y tot =, will be therefore
« «
A _ 1
T — e o +

By dividing it by \/— we will have the probability that = is contained between
the limits ¢« — 6 and a + ¢'; the epresson d this probability will be,
consequently,

(d) 1-

When é is a large number, this formula wmnverges rapidly to unty, principaly

because of the fador e‘al_M which becomes very small when « is a very small
fradion; thenceresults this theorem:

The probabkility that the posshility of the smple evats is contained between
some limits which are contracted more and more approaches withou ceasing to
unity, in a manrer that, under the suppasition d an infinite number of simple
eveits, these two limits coming to join themselves, and the proballity is
confoundng with certitude, the true possbility of the smple evats is exactly
equd to that which renders the observed result the most probalie.

We seethus how the events, by multi plying themselves, discover for us their
respedive posshility; but we must observe that there is in this analysis two
approximations, of which the oneis relative to the limits which contain the value
of x and which are contraded more and more, and d which the other is relative
to the probability that = is found kEtween these limits, a probability which
approaches without ceaing to unty or to cetitude. It is in it that these
approximations differ from ordinary approximations, in which we ae dways
asaured that the result is contained within the limits which we asdggn them.

It matters principaly, in these reseaches, to be @le to judge immediately if
a result is indicaed by the observations with a grea possbility, because it
suffices often to be asaured that it is very probable, withou that there be aneead
to knawv with much predasion the value of the probability; by suppasing therefore
that the question is to determine if it is very probable that the posshbility of a
simple event is contained within some given limits, we can easily arrive to the
following formula.

11



We have, by that which precedes,
logY — logd = i/\
(@

Moreover, if we suppcse ¢ very small, we have

dlogY +9_2 d?logY o
dx 1.2 da? ’
but the condtion d the maximum gives
dlogY _ 0 d*logY  d*Y
de dz?2  Yda?~

we will have therefore

logJ=logY + @

o d2Y 1

7 Y dx? _J;

thus the probability that the paosshility = of the simple event is contained
between the limitsa — # and a + 6 will be, by formula (d’),

]_ 02 a2y
1-— e Yd? 4 ..
0./ — d2yY
Y dx?

whence we seethat this probability will be very grea if —§? f?;? isavery small

number, such as 11 or 12, that which gives a very simple way to judge the
magnitude of this probabilit y.

XXXV III.

The posshility of the simple events can na be the same in dfferent epochs
or in some different courtries: the dimate, the productions and athousand aher
physicd and moral causes can produce the differences that a grea number of
observations render sensible; but, as the single cmmbinations of chance sufficeto
introduce the dlight differences in the result of the observations, we seethat a
very gread number are necessry in order to be aswred that the observed
differences, when they are very small, are due to some dways ading causes.
This problem, ore of the most important in the theory of chances, require a
delicae analysis; hereisaquite simple solution d it.

12



We suppase that we observe, in two dfferent places, two results composed
of avery gred number of simple events of the same kind. Let

x bethe posshility of the simple event in the first place

y bethefunction d x which expresses the probability of the observed result in
that place

a bethevaue of = which corresponds to the maximum of .

Let similarly

x' betheposshility of the simple event in the second gace

y' be the function o ' which expresses the probability of the observed result
in that place

a’ bethevalue of =/ which corresponds to the maximum of 4/;

aand o' are the posshiliti es of the simple events which render the observed
results the most probable, and these quantities will be, by the precaling sedion,
the true posshiliti es of the simple events, if the observed results were compaosed
of an infinite number of these events. We suppae o’ very littl e different from a,
andthat it is alittl e greder; finally we name P the probability that the passhbility
of the simple event is greder in the first than in the second. This put, we will
have, by some cnsiderations analogous to those of No. XXXV,

vy dx dx’
I
[ [y dxdz’’

the integrals of the numerator being taken from 2/ = 0 to 2/ = z, and from
x =0 to z = 1; those of the denominator being taken from 2’ =0 to 2’ =1,
andfromz =0tox = 1.

In order to have these integrals, we will suppcse 2/ = ux, and we will name
z that which zyy’ becomes when we will have

P__ffzdxdu
_>ffzdxdu’

the integrals of the numerator being taken from« = 0tou = 1,andfromz = 0
to z = 1; those of the denominator being taken from v = 0 to u = % and from
x = 0tox = 1.Wedeterminefirst the integrals of the numerator.

13



For this, we will observe that, y being nul a the two limits z =0 and
x =1, z is gmilarly null at these two limits; let therefore Z be that which this
function beacmes when we substitute for x itsvalue in «, given by the equation
0 = %; wewill havevery nealy, by No. VI,

2nZ
/zdxziﬂ,
d2z

T Zdz?

hence

Z

//zdudx = \/27r/$.
[_ &z
T Zda?
The integral relative to v must be taken from » = 0 to « = 1; but, at the
maximum of the differential functionyy’ dz dx' ,we have
r=a and xr=a
and, consequently,
a
u= =
The value of u, correspondng to this maximum, exceeals therefore very dlightly
unity; thus we must, in this case, make use of formula (c) of No. VI. Let
du
[_ &z’
Zdx?

and we name Z' that which Z becomes at the point where we have
oz
ou'’

we name next S that which Z becomes when we make « = 1; the formula dted
will give, qute nealy,

du' =

0=

/Zd , Z’falte_t2
W= "4

1 82z
T2 Z9u?

14



the integral relative to ¢ being taken from¢ = T to ¢ = oo, T being gven by the
equation

T2 =logZ' — logS.
The euation0 = 92 can be put under this form
 9Z du

" Qu o'’
whencewe deduce
A

0= =
ou

and

21 291 7.9 9’z 8*7
8ZZGZdu :_8u28x2.
ou?  ou? du? z

Z 2
[ dte?.
8z 52z

1
2 Z'0u? Z'0x?

we will havetherefore

/Zdu' =

The numerator of the expresson d P will be, consequently, very nealy equal to

2./nZ >
_2YnZ / o
8%z 9*7
Z'0x% Z'0u?

we will now determine its denominator.

y being null at thetwo limitsz’ = 0 andz’ = 1,it isclea that z isnull at the
two limits v =0 and u = %; it is smilarly null at the two limits z = 0 and
x = 1. By naming therefore U that which z becomes when we substitute for «
andfor z their values given by the equations

o
- du

_82

0 _ Y~
oz’

and 0

we will have, by No. VII,

15



27U
//z dudx = 7T—;
/ 82U 82U
Udu? Udz?
this is the value quite gproximate of the denominator of P. It is easy to seethat

Z' = U, because the one and the other of these quantities is that which z
beammes when we substitute for « and = their values deduced from the equations

0z 0z
0=—, 0= —;
ou ox
the value of P will be, consequently, given by thisvery smple formula
b [dt et .

NG

The two limits between which the integral relativeto ¢ must extendaret = T
and¢ = oo, T? being equal to logZ’ — log S. The maximum of z or of zyy' is Z;
the maximum of y corresponds to « = a; that of xy corresponds to a value of x
which dffers from it only by a quantity of order «, and as, at the point of the
maximum, the magnitudes vary only in an insensible manner, we can suppce
x = a a the maximum of xy. Let Y be that which y becomes in this case, the
maximum of xy will be aY. The maximum of 3’ correspondsto =/ = a'; let Y’
be that which ' becmes, we will have therefore Z’ = aYY’. Sisthe maximum
of zyy’ when v = 1, or, that which returns to the same, when we make 2/ = z in
y'; let o” be the value of x which in this case renders 3y’ a maximum, and we
name Y” this maximum, we will have S = a”Y”: hence

2 a/
T>=logY +logY’ —logY” + IogJ.

The vaue of ¢ ismean between ¢ and o’ ,and sincethese last two quantities
are suppcsed to dffer very littl e between themselves, we will have very nealy
< = 1, and consequently we can negled thetermlog 5.

If T2 is a dightly large number, such as 11 or 12, P will be avery small
fradion lessthan 55555 it will be therefore hardly probable that the possbility
of the simple event is greder in the first placethan in the seand, @, that which
returns to the same, it will be very probable that, in the second gacewhere o’
surpasss a, the possbility of the smple events is greder than in the first. The

observations will indicate then, with much likdihood, that there eists in the
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second pace a case of more than in the first, which fadlit ates the production o
the smple event. The following analysis will give the law acerding to which
this probabilit y increases with the expansion d the smple events.

For this, we will observe that, a” being very dlightly different from o and
from o', wewill have quite nealy

1 d?yY 1 a2y’
loaY” = loaY loayY’ A N2 SN2
9 gy +log +2(a @) Y dx? +2(a @) Y dx'?’
that which gives
1 d?yY 1 a2y’
-|-2:__ "o N2 T N2 .
PR R L Dy
but a” is given by the equation
!
o= W, W
ydx  y'dx'!

2/ neading to be danged into z in jTy;U,. If we suppee next z = o’ =

a+ (" —a), wehave

dy Ay L, &Y

ydx " Ydo + (e _a)Ydaﬂ;

moreover we have ) = %. Wewill have therefore

Ay Y

n .
ydx_(a a)de2’

wewill findsimilarly

dyl " / d*Y’
ydw ~ @ TG
Wewill havetherefore
d2Y a2y’
0=(a"—a) Y ds? + (a" — a')—Y/ ot

whencewe deduce
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d2Y 1 _d2Y’

AT +a Y/ d2? |
2Y 2Y
Y d:L'2 + Y! dCL'/2

we will havethusvery nealy
2 2\
(a/l - a/) YddIQ Y(%di.ﬂ
&Y 2Y’ :
Y dz2 + Y! dx’2
We can easily judge, by this value of T2, of the probability with which the
observations indicae adiff erence between the posshiliti es of the simple events;

2
because, this probability being, by that which precedes, equal to 1 — £ df/‘; , the

integral being taken from ¢ =T to ¢t = oo, a Table of values of this integral,
from t =00 to ¢t =0, will give immediately the sought probability with
sufficient predsion.

The simple events, by being expanded, make the values of L£Y; and o £X,
increase, and consequently also that of T2, that which indicaes clealy the law
which exists between their expansion and the probability of the results which
they seam to indicae. The value of T? shows further the more the diff erences
between a and o’ are smaller, the more simple observed events are necessary to
establish that these diff erences are not the dfed of chance, that which moreover
isevident a priori, and there results from it that, for a difference two times less
there ae necessary aroundfour times more observations.

N [—

T =

XXXIX.

We gply the formulas of the precaling sedions to the births; for this we
suppcse that, ou of p + ¢ observed hirths, there have been p boys and ¢ girls, p
being greder than ¢, and we seek the probability that the posshility of the births
of the boys nat surpassany quantity 6. It is necessary, in this case, to make use
of the formulas of No. XXXV I. If we designate by = the passhility of the births

of the boys and if we name 3 the quantity % the probability that out

of p + ¢ births there will be p boys and ¢ girls will be 5zP(1 — z)?: it is the
quantity which we have named y in the sedion cited; the quantity which we

have named v will become thus (;JSI)_;”ZP, and the function
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U
uif1+ % 4
(+d9+ >

will beaome

pOPL(1 — 6)r*! (p+q)6* + p(1 — 26)
1 — 5 NN
(p+q)f—p [(p+ )0 — 1]

Now, the quantity which we have named U in No. XXXV | is, by No. VI,
equal to |/ — 242 Y and d?Y being that which y and d?y become when = = q;
moreover, a being the value of x which corresponds to the maximum of y, it is
determined by the euation 0= -2, whence we deduce a = -2-, and

ydz’ ptq’
consequently

BrP¢’ Yt
(p+ q)pte’ Y dx? pqg

The function
1 d2U3
Yﬁ(“i%*“)

will beame therefore, by observing that it is reduced to very nealy its first
term, when p and ¢ are large numbers,

BpPtiqitiy/2n

(p + q)p-l-q-i—% )

the formula (&) of the sedion cited will give thus for the probability that = nat
surpass#

P = O p + )P {1 _ (p+ )8+ p(1 —26) }
V2r[p — (p+ q)f)pPtigit: [p— (p+q)0)?
If we make # = %, we will have for the probability that « not surpass 1 or, that

which returns to the same, that the posshility of the births of the boys is less
than that of the girls,

19



3
@ (p+g)Prets L Pp+a
(p— q)2p+q+%pp+%qq+% \/77 (p—q)2

_l_... ;

by subtrading this formula from unity, we will have the probability with which
the observed hirths indicae agreaer posshility in the births of boys than in
those of girls.

Among the births observed in Europe, we will consider thase which have
been at London,at Paris and in the redm of Naples.

In the spaceof the ninety-five yeas elapsed from the beginning of 1664to
the end d 1758, there is born at London737629 boys and 698958 girls, that
which gives nealy % for theratio of the births of boys to thase of girls.

In the spaceof twenty-six yeas elapsed from the beginning of 1745to the
end d 1770,there is born at Paris 251527 boys and 241945 girls, that which
gives % nealy for theratio of the births of boys to those of girls.

Finally, in the spaceof the nine yeas elapsed from the beginning of 1774to
the end d 1782, there is born in the redm of Naples, na containing Sicily,
782352 boys and 746821 girls, that which gives % nealy for the ratio of the
births of boys to those of girls.

The less considerable of these three numbers of births is that of the births
observed at Paris; moreover it is in this city that the births of boys and d girls
are removed the lessfrom equality: for these two reasons, the probabilit y that the
passhility of the births of boys surpasses % must be lessthan at Londonand in
the redm of Naples. We will determine numericdly this probability.

It is necessary for thisto have to twelve deamals the tabulated logarithms of
p, ¢, p+ g and 2, because these numbers are devated in formula (€¢) to some
grea powers; now we have

logp = log251527 =  log5.4005 8461 0947,

logg = 109241945 = 109 5.3837 1665 1469,
log(p+q) = 109493472 = 10g5.6932 6251 5480,
log2 = 10g0.30102999 5664,

that which gives
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(p+ q)p+q+%
(p— q)pPtiqitaortats [z

By naming therefore ;. the number to which this logarithm belongs, and which is
excessvely small, becaiseit is equal to afradion d which, the numerator being
unity, the denominator is the number 8 followed by 41 ciphers, the formula (¢)
will become

log = —41.9384918.

(1 — 0.0053747 + - ).

By subtrading it from unity, we will have the probability that at Paris the
passhility of the births of the boys surpasses that of the girls, whence we see
that this probability differs s littl e from unity, that we can regard as certain that
the excessof the births of the boys over thase of the girls, olserved at Paris, is
due to agreaer posshility in the births of the boys.

If we gply similarly formula (¢) to the births of boys observed in the
principle dties of Europe, we will find that the superiority in the births of the
boys, compared to those of the girls, olserved everywhere, from Naples to
Petersburg, indicates a greder passhility in the births of boys, with a probability
very nea to cetitude. This result seems therefore to be agenera law, at least in
Europe, and if, in some small towns where we have observed only a less
considerable number of births, nature seems to deviate from it, there is every
placeto believe that this deviation is only apparent and that in the long run the
observed hirths in these towns would dffer, by multi plying themselves, a result
similar to the one of the grea cities. Many philosophers, deceved by these
apparent anomalies, have sought the causes of phenomena which are only the
effed of chance that which proves the necessty to encourage simil ar reseaches,
for that of the probability with which the phenomenon d which we just
determined the cause is indicated by the observations: the following example
will confirm this remark.

Out of 415 births observed during five yeas in the littl e town of Viteaux, in
Bourgogne, there have been 203 boys and 212 girls, that which gives nealy %
for the ratio of the births of girls to those of boys. The natura order appeas
reversed here, becaise the births of the girls surpasses those of the boys; let us
seewith what probability these observations indicae agreaer possbility in the
births of girls.

p having been suppeed greder than ¢, in the precaling formulas, it
represents in this case the number of girls and ¢ that of the boys; formula (¢)
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will give the probability that the births of the boys surpasses those of the girls;
but, this formula being divergent, it is necessary to use formula (b') of No.
XXXV, and we will find, after al the reductions, that, if we make
y = BaP(1 — z)? andg = 1 ,it will become

i dt —t2 (p—qle T

\/ p+q

the integral being taken fromt = T to¢ = oo, T? being gven by the eguation

p+q
T2 =plogp+ qlogg — (p + q)log=——,

in which the logarithms are hyperbdic. This formula is the expresson d the
probability that the passhility of the births of the boys caries it over that of the
births of the girls; if we substitute, in the placeof p and d ¢, their preceling
values relative to the town of Viteaux, we will find 0.329802 for this
probability; by subtrading it from unity, the difference 0.670198 will be the
probability that at Viteaux the posshility of the births of the girlsis superior to
that of the births of the boys; this greder posshbility is therefore indicated orly
with a probability of two against one, that which is much more feedle to
counterbalance the analogy which leads us to think that at Viteaux, asin al the
towns where we have observed a @mnsiderable number of births, the possbility
of the births of boysis greaer than that of the girls.

XL.

We have seen, in the precaling sedion, that the ratio of the births of boys to
that of girlsis around 3 a London,whileit isat Paris around gg this difference
seans to indicae, in the first city, a passhility in the births of boys greaer than
in the second city. We determine with what likelihoodthe observations indicate
this result.

This problem is a particular case of that which we have solved in No.
XXXV 1lI; thus we make use of the formulas which we have given there; for this,
it is necessary to knaw the quantities which we have named y and 3/ . Let p be
the number of births of boys observed at Paris, ¢ that of the births of girls, and =

the posgbility of the births of boysin that city; if we make
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5 1.2.3...(p+q)
©1.2.3...p.1.2.3...¢

the probabilit y of the result observed at Paris will be
PP (1 — )

thisisthe quantity .

If we name similarly p’ the number of births of boys observed at London,q’
that of the births of girls, and x’ the posshility of the births of boys in that city;
if we make next

1.2.3... (0 + )

/ .
g = 1.2.3...9.1.2.3...¢"

the probabilit y of the result observed at Londonwill be
lep/(l - g;l)q/;

thisisthe quantity /.
By designating therefore by P the probability that at Paris the passhility of
the births of boys is greaer than at London,we will have, by No. XXXV llI,

P_fdte_t2
_ N

the integral being taken from ¢ = T to ¢ = co. We seethat which T bemmesin
the present case.
We have, by the sedion cited,

2 a/
T>=logY +logY’ —logY” + IogJ.

Y isthe maximum of y or of 5zP(1 — z)4; the value of x which corresponds
to this maximum is p%q; this is the quantity which we have named a. We will

have therefore

_ BpPgt

(p —+ q)p+q ’

we will have in the sasme manner
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Yl B [3/1)11J qlq
frnd (p/ + q')P'-I-q’ .

Y" isthe maximum of y3’ when we make ' = z in ¢/, that which gives
yy' = BB (1 — 2)T¥;

the value of = correspondng to the maximum of this function is p+§frf;+q,; this
is the quantity which we have named o” . We will have thus

v B8+ PP (q+ )T
- (p + pl + q + q/)p+p’+q+q’ ?

these values give

TP=(p+70 +q+d+1)loglp+7p +q+d)
—(p+p 4+ Dlog(p + p') — (¢ + ¢")log(q + ¢')
+ (p+1)logp + glogg — (p+ g + 1)log (p + q)
+ pllogp’ + ¢'logq’ — (p' + ¢')log(p’ + ¢').

Now we have, by the preceding sedion,

p = 251527, p = 737629,
g = 241945, ¢ = 698958,

whencewe deduce, by tabulated logarithms,

logp = 5.4005 8461 0947,
logg = 5.3837 1665 1469,
log (p + ¢) = 5.6932 6251 5480,
logp’ = 5.8678 3798 2735,
logq’ = 5.8444 5108 0009,

log (p’ + ¢') = 6.1573 3193 2083,
log (p' + p) = 5.9952 64741371,
log (q + ¢') = 5.9735 4485 3243,

)

log(p+p +q+q) = 6.28557058 5161.

By making use of these logarithms, we would have
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T2 = 4.5357576;

but, these logarithms were tabulated, it is necessary, as we know, to multiply
them by the number 2.3025851, in oder to reduce them to hyperbdlic
logarithms; we will have therefore the true value of T2 by multiplying the
precaling by the same number, that which gives

T2 = 10.4439679.

This put, if we determine the integral [ d¢ et by formula (') of No.
XXXV | we will have

P = 0.0000025422(1 — 0.047875 4 0.0068759 — ---).

Thefirst threeterms of this expresson give

P = 0.00000243797 =

410178°

This value of P is allittl e too large; but, as, in taking one term more, we would
have avalue too small, withou the impairment of ﬁ we seethat it is quite
nea, and that thus there ae odds of more than 400000 against 1 that there exists
at Londona cause of more than at Paris, which fadlit ates the births of boys.

The numericd cdculation o T? suppcses that we have the tabulated
logarithms of p, ¢, p+q, P, ¢, ... to twelve dedmals; the Tables of Gardiner,
which are those of which we make the most use, contain the logarithms of the
first 1161 numbers to twenty dedmals, and we can conclude from it the
logarithms of the superior numbers; but the caculation that this sippcesis too
long; we can supdement it quite simply by consideration d the expresson d
T2, and to determine the value of this quantity withou recurse to the logarithms
of the numbers superior to 1161.
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For this, we put it under thisform

T2=(p+1)lo + glo (1—L>
(p )gp qlog s

pl
+q'log(1 — >
q P+aq

p+p
—(p+7p +1lo
(p+p +1) 9p+p,+q+q,

p+7
—(g+¢)log| 1 — >
(g+4) g( p+p+qg+4q

I

+7'lo

If we make o vary by avery small quantity the ratlo |n the function

p
+ glo (1——>
q109 taq

it will not change sensibly in value, becaise it becomes then

+1)lo (L+a>+ lo (1—L—a>;
(p+1) 9p+q glog ;

+4q

+ 1lo
(p+1) gp

by reducing Iog( —I—oz) and |og(1 - - —a) into series ordered with

ptq ptq
resped to the powers of «, and by rejeding the quantities of order o« which are
not multi plied by the large numbers p and ¢, it isreduced to

+1)lo (L>+ lo (1—L>
(p )9p+q glog s

This put, we will seek, by the method d continued fradions, the fradion

which, having a denominator equal or lessthan 1161, most nea to —£- p+q ; the
difference of this fradlon and o‘ bemg only of order o, we can use this
fradion in the place of p+q and, as the Tables give with twenty dedmals the

logarithms of its numerator and d its denominator, so that the logarithms of the
numerator and d the denominator of the new fradion which we have by
subtrading the preceding from unity, we will have eaily the tabulated value of

+1)lo (L>+ lo (1—L>.
(p )9p+q glog s
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We will findin the same manner the tabulated values of the other parts of the
expresson d T?; we will have thus the tabulated of T2, and this expresson,
taking less of it, will be the tabulated logarithm of e=™*; we will have next the
true value of T2 by multi plying the precaling by 2.3025851.

We can realy aways employ, withou sensible aror, the formula of No.
XXXV I

(CLI i CL) a2y 4y’

N [—

T2 = Y dz? Y dz?
- &Y Y
Y dz2 Y’dx’2
and, as we have, in this case,
P , 7
a=— & =—F°>7,
p+aq P +q
Y (ptre?® Y (P )
Y diz2 pq ’ Y dx'? pq

we will have

; 2
o G&r—ﬁﬂ(p+wﬁﬂ+¢f
20q (p+ )3 + 2pq(p + ¢')3

If we gply this formula to the observed hirths at Paris and in the redm of
Naples, it will be necessary to suppcse

p = 251527, q= 241945,
P =1782352, ¢ = 746821,

that which gives
T = 2.7206;

we find then the probability P, that the possbility of the births of boys at Parisis
greder than in the redm of Naples, equal to aroundl(l)—o; it istherefore likely that
there eists in this redm, as at London,a caise of more than at Paris, which
faalit ates the births of boys; but the probability with which it isindicaed by the
observations is considerably too small again in order to pronource irrevocably
onthisobjed.
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XLI.

We will consider now the probability of future events, taken from past
events, and we suppase that, having observed a result composed o any number
of smple events, we wish to determine the probability that a future result
compaosed o the same events.

If we designate by x the posshbility of the simple events, by 3 the probability
correspondng to the observed result, and by z that of the future result,  and z
being functions of z; if we name next P the probability of the future result, taken
from the observed result, it is easy to conclude from No. XXX 1V

~ Jyzdx
-~ fydz’

the integrals of the numerator and d the denominator being taken from x = 0 to
z=1.

This formula contains the law acording to which the past events influence
on the probability of future events, we examine this influencein some particular
cases. For this, we suppacse that an urn contains an infinity of white and dadk
ball s, and that, after having drawn from it awhite ball, we seek the probabilit y of
bringing forth a similar ball in the following drawing. If we name x the ratio of
the white ball s of the urn to the total number of balls, it is clea that « will bethe
probability, as much o the observed event as of the future event; we will have
therefore

P

_fx2dx_
N Jadax N

2
37

that is that there ae odds of two against one that we will bring forth in the
second dawing aball similar to that of the first drawing.

By suppasing always that we have brought forth a white bal in the first
drawing, if we seek the probability of bringing forth next n bladk balls, = will be
the probability of the observed result, and (1 — z)™ that of the future result; we
will have therefore then

Ja(l—a)"dx 2

°= Jxdzx :(n—l—l)(n—l—Q)'
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If the white and Hadk balls were equal in number in the urn, we would have
P= 2%; this value of P is lessthan the preceding when n is equal to o greder
than 4; whence there results that, although the first drawing renders probable
that the white ball s are in greaer number than the bladk, however the probability
of bringing forth four bladk balls in the following four drawings is more
considerable than if we would suppase the number of black ball s equal to that of
the white balls. This result, which seems paradoxicd, leals to this that the
probability of bringing forth » blad balls is equal to the probability of bringing
forth ore of them, multiplied by the probability that having brought forth from it
afirst we will bring forth from it a second, multi plied further by the probability
that having brought forth two from it we will bring forth from it athird, and thus
in sequence and it is clea that these partial probabiliti es always proceead by
increasing and end by being reduced to unty when n isinfinite.

XLII.

We suppcse the observed result composed of a grea number of simple
events; let a be the value of x, which renders y amaximum; Y this maximum; o’
the value of x which renders yz a maximum; Y’ and Z’ that which y and 2
beames then; we will have very nealy, by No. VI,

/yz dr = —(YIZI)% 27T'
d2(Y/Z/) ’
T de?

the expresson d P of the preceading number becomes therefore
(Y'Z)2y/ 5%

3 a2(y'zy
Y2y - fix2)

P:

This expressonwill be very close if the observed result is quite ammpasite.

If this result were composed o an infinity of simple events, the passbility of
these events would be, by No. XXXV Il, equal to that which renders the observed
result most probable; we can therefore withou sensible eror cdculate the
probability of a future lesscompasite result, by suppasing the possbility of the
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simple events equal to that which renders the probability of a very composite
event a maximum; but this suppasition would ceae to be exad if the future
result were itself very composite. Let us e @ what point we can make use of it.

The observed result being composed of a very gread number of simple
events, we suppase that the future result is much less composite; the equation
which gives the value of a’ correspondng to the maximum of yz is

dy dz

0= ,
ydx+zdx’

" dx is avery grea quantity of order , and, since the future result is very little
composite with resped to the observed result, ﬂ will be of alesser order which
we will suppose gua to 1 ——, thus, a being the value of z which satisfies the
equation 0 = -, the difference between a and o’ will be of order a*, and we
can suppce

a=a+ oz)‘,u.
This suppasition gives
A S o 2 d?Y

Y =Y b Z L
T T 1 42 ’

dY

but we have ﬂ = 0, whenceit is easy to conclude that

less than g the term 22K 4 il be comquently of the order o\ ~32).

Thus the convergence of the expresgon in series of Y’ suppases A > L, andin
thiscase Y’ isreduced to nealy Y.

If we name Z that which z bewmmes when we make x = a, we will be
asaured in the same manner that Z' isreduced to Z.

Finally we will prove, by a similar reasoning, that is reduced to very
nealy Z‘fi 4Y - py substituting these values into the e<pre£son d P, wewill have

P=2,

d(YZ)

that is that we can in this case determine the probability of the future result, by
suppasing = equal to the value which renders the observed result most probable;
but it is necessary for this that the future result be sufficiently little composite in
order that the exporents of the fadors of z are of an arder lessthan the square
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root of the exporents of the fadors of y; if thisis nat, it expases the preceding
suppasition to some sensible arors.

If the future result is afunction d the observed result, z will be afunction d
y, which we will represent by ¢(y); the value of z which renders yz a maximum
is in this case the same & that which corresponds the maximum of y; we will
have thus o’ = a, and, if we designate 2212} by ¢/(y), the expresson d P will

give, by observing that 4¥ = 0,

oY)

Let ¢(y) = y", so that the future event is n times the repetition d the
observed event, we will have

P=

Y’n
v 1

This probability, determined under the suppasition that the possbility of the
simple events is equal to that which renders the observed result the most
probable, is equal to Y™; we seethence that the small errors which result from
this suppasition are acumulated by reason d the simple events which enter into
the future result and become very sensible when these events are in grea
number.

P:

XLIII.

Since 1745, when we have begun to dstinguish at Paris the births of boys
from those of girls, we have constantly observed that the number of the first was
superior to that of the second, that which can give placeto reseach hov much it
is probable that this superiority will be maintained in the spaceof a century.

Let p be the observed number of births of boys at Paris; ¢ that of the girls; 2n
the aanual number of births, = the posshility of the births of the boys. The
binomia (x + 1 — x)?" gives by its expansion

2n(2n — 1) 202

2n 2n—1
2 1-—
"+ 2n (1 —x) + 19

(-2 + o

and the sum of the first n terms will be the probability that the number of boys
will cary it avay, ead yea, over that of the girls. We name z this suim; z* will
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be the probability that this superiority will be maintained duing the number ¢ of
conseautive yeas. Hence, if P designates the true probability that this will take
place we will have, by No. XLlI,

_ JaPdz 24(1 — )4
Jarde (1 —a)1”’

the integrals of the numerator and d the denominator being taken from x = 0 to
z = 1.

If we name a the value of x which corresponcs to the maximum of
2P24(1 — )4, and if we designate by Z, 9, 42 that which z, &, £2 become

when we dhange z into a, we will have, by No. VI,

aPt(1 — a)?M1Z8 /27

/xpzidx(l—x)q: —.
\/p(l—a)2+qa2+ia2(1—a)2M

Z2dx?

z being the sum of thefirst n terms of the function

1— m2n —1) /1 —xz\2
lronl=® n(2n — 1) x .l
T 1.2 T

x2n

we have, by No. XXI,
u® ld
f(l_i_u)??;l{lkl
n— ld 3
=
the integral of the numerator being taken from v = =2 to u = oo, and that of

z ju—
the denominator being taken from v = 0 to u = co. Let u = %, thisvalue of 2
will beaome

[s"ds(1— s)m 1
[snds(1—s)nL’

z =

the integral of the numerator being taken from s = 0 to s = «, and that of the
denominator being taken from s = 0 to s = 1; thenceit is easy to conclude

dz  a"(1—ax)"! ?z  dz n—(2n—- 1)z

zdr  [stdz(l— s)nL zdr?  zdr x(l—z)
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the integral being taken from s = 0 to s = x. By changing x into a, we will have

the values of Z, %, %; al the difficulty is reduced therefore to determining

a.
Itsvalueis given by the equation
P q dZ

0==— ) ,
a 1—a+Zde

whencewe deduce, by substituting in the placeof Zd_gx its precading value

_p ia”“(l _ a)n
p+q  (p+q)fstds(l—s)nl

a

the integral being taken from s = 0 to s = a; thisisthe equation after whichit is
necessry to determine a. For this, we will observe that, o being greder than

ﬁ, it surpasses nsibly the value of s, which corresponds to the maximum of

s"(1 — s)™L; thus, n being a gread number, we can suppcse, in the preceding
equation, that the integral istaken from s = 0 to s = 1, that which gives, by No.
VI,

/ nd (1 )n—l nn+% (n — 1)n—% \% 27 ﬁ
S as — S8 = = .
(2n — 1)2n+% 22n\/ﬁ
The eguation which determines a will beame thus, very nealy,
p ia"H(l _ a)n22n\/ﬁ
a= + .
p+q (p+q)\/m
In order to solve it, we will observe that o differs very littl e from I%q, so that, if

we suppee a = ﬁ + /¢, ¢ being quite small, and we will have, in aquite dose
manner,

n+1 n
: 2 y4 q
. 1 \/EQ n (p-l—q) (p—l—q ) e_n“ (p+qz))((1p*q)
(p+a)y/m '

Now, if we divide by 26 the sum of the births observed at Paris from 1745to
1770,we will have, very nealy, 19000 for the aanual number of births; we will
suppcse thusn = 9500, i = 100; we have besides
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p = 251527, q = 241945.
The precaling equation will give therefore
o = 0.000157929 ¢~ 38144k,

whencewe deduce

1= 0.00014222
and, consequently,

a = 0.5098509.
Theradicd

dz? — Zd?zZ

\/p(l —a)? + qa? + ia?(1 — a)? 2222

becmes, by substituting, in the placeof 42, its value 42 "=2n=La g4 in

Zdz’ Zdzx a(l—a)
the place of £, its value (71?;’(‘{):’;)? or i(faq_)jj), given by the guation o the
maximum,

\/p(l —a)?+qa? + p(p+q) [M +(2n—1)a — n] = 369.419;
i

moreover we have, very nealy,
p q 2 2
ap(l—a)qZ( b > ( 7 > e

Ptq Ptq

Epra?

e = (.980229;

and

we will have therefore

p q
/xpzloodx(l—x)q:0.000663199\/27r( P ) ( q >le°.

P+4q p+q

We have next by No. VI, by taking theintegral fromz =0tox =1,
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_|_l q+l 9 ¥4 q
/xpdx(l—x)q: PRty 2T :0.000711634\/%( b ) ( q ) ,

(p+ q)Ptate p+q) \p+q
whencewe deduce
P = 0.931938Z!%,

so that there is no more but the question o having Z.
We have

_ [sdx(1 — s)™ 1

Z
Jsrda(l — s)nL’

the integral of the numerator being taken from s = 0 to s = «a, and that of the
denominator being taken from s = 0 to s = 1; it is easy to conclude from it that,
if wemakel — s = s, wewill have

fs’"_lds’(l — s
fs’"_lds(l — s’

Z=1

the integral of the numerator being taken from s’ = 0to s’ = 1 — a, that of the
denominator being taken from s’ = 0 to s’ = 1. We will have thus, quite nealy,
by No. VI,
[dt et
VT
the integral relative to ¢ being taken from¢ = T to ¢ = oo, T being gven by the
equation

Z=1

1 1
2 _ _ - —
T =(n 1)|092(1 y +n|092a’

these logarithms being hyperbdic. We can give to this expresson o T? this
quite dose form

+n|ogp+q N npu(p+q)(p — Q)’

2p Pq

Pty
2q

T2 = (n—1)log

and we will deducefrom it
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T2 = 3.66793.

If we make use of formula (c¢’) of No. XXXV II, we will have
.
/dt et = 62—1_(1 —0.136317 4 0.055747 — 0.037996 + 0.036256 — - --).

This sriesis quite cnwvergent, bu it has the alvantage of giving alternatively a
sum greaer and lesser than the truth, acoording as we ae stopped at a number of
terms even or odd by adding therefore to the sum of the first four terms the half
of the fifth, the aror will be lessthan this haf and, consequently, below % of
the entire sum; we will have thus

/ dt et = i0 899562
9T ’

that which gives
Z = 0.9966174
and, consequently,
P = 0.664;

there is therefore, very nealy, odds of two against one that, in the spaceof a
century, the births of boyswill cary away ead yea at Paris over those of girls.

XLIV.

The precaling reseaches aiffice to show the alvantages of the analysis
exhibited at the beginning of this Memoir, in the part of the theory of chances,
where the question is to cary up from observed events to their respedive
posshiliti es and to determine the probability of future events. This analysis is
not lessuseful in the solution d the problems where we seek the probability of a
result formed of a grea number of simple events, of which the possbiliti es are
known: in order to give an example, we will suppcse that we propcse to have the
probability that all the tickets in a lottery compased o 7 tickets, and d which
there is extraded from it one & ead drawing, al will be etraded after the
number : of drawings.
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| have given, in Volume VI of the Mémoires des Savants éranges!, the
solution d this problem, whatever be the number of tickets which we bring forth
at ead drawing, and there results from this that, in the cae where there «it at
eah drawing only a single ticket, if we name y; the probability that all the
tickets will be extraded after the number ¢ of drawings, we will have
Ansi
Yi =

nt

the dharaderistic /A being that of the finite diff erences, and s being necessary to
suppase nul in the final result. This expresson, gute smple in appeaance,
would lead to some impradicd cdculations if n and ; were very large numbers;
it would be much more difficult yet to conclude from it the number ¢, to which

corresponds a given value of y;; but we can easily determine this number by the
formulas of No. XXV 1.

Formula (i) of this dion gives, very nealy,

g @) et e —yn (15 — 1o s
° T JED e 163 12i )
a? (er—1)2

a, 1, I', I" being gven hy the following equations

1+ 1 ne?
0= -85 — —,
a et —1
l__z'—l—l_ﬁ et L e \?
22 2er—1 2\e*—1/"
/ _i—l—l_l_ﬁ et n e? 24_@ e \°
 3a2  6er—1 2\er—1 3\et—1)"

l,,__z'—l—l_ﬁ e? +7_n e? 2_@ e? 34_@ e \*
 4a? 24er—1 24 \et—1 2 \et —1 4\er—1) "

If we suppcse s = 0 and e® of order n or 4, these equations will beame

1 Oeuvres de Laplace t. VIII, p.17. Mémoire sur les siites réaurro-réaurrentes et sur leurs
usages dans la théorie des hasards.
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1+ 1

- 1_ @
]
P i R e S s )

2a2 "’ 3a3 ' 4at’

the precaling formulawill give therefore, in this case,

. i L . .
(H_Ll)l+2ena—z(1 _ e—a)n—z
nt 1— i+l—na

n

. i+1L
{ 1226_1
i+1 ’

and if we make e™® = z, z being suppacsed a very small fradion d order % we
will have

Al gt

Now we have

(1 _ e—a)n—i _ e(i—n)z (1 + ¢ _2 nz2>;

we have next
i+1—na=(+1)z

We will have therefore, very nealy,

ATgt _ i—2n+1 i—n
nd :em(1+ on 0 2 22>:yi'

In order to determine z, we will observe that the equation a = &1(1 — )
gives, for thefirst value of a,

a = —;
n

by designating therefore en by ¢, we will have, for afirst value of z,
z=4q,

this value substituted into the expresson d a gives, for the second \alue of this
quantity,
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1+ 1 l
- -4
n

a =
n

by substituting it into the egquation z = ¢~%, we will have, for the second \alue

of z,
i
z:q(l——+—q>,
n n

whenceit is easy to conclude

This value of y; will be very close if, n and i being very large numbers, ¢ is
of order %; and this is that which will always take placewhen y; will not be a
very small fradion, because then e~™ will not be avery small number, that
which suppases ¢ of order L.

Let y; = % and we seek the number i of drawings to which this probability
corresponcs. We will have, in order to determine it, the foll owing two equations

i i+n 5, log2

on2? 2n n
t = —nloggq,

q_

these logarithms being hyperbdlic.
Let n = 10000, we have

log hyperb. 2 = 0.6931472;

the first of the two precaling equations gives, for the first value of ¢, by
negleding the terms — 5% ¢ and Z;_nnq2a

g = 0.00006931472.

This value being of order % we seethat this is here the cae of using the
precaling expresson d y;. The secondequation gives

1 = 95768.5.

This value can dffer yet by some units from the truth; but, by correding the
value of ¢ by its mean, we will have
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g = 0.00006932250,

that which will give, for the second \alue of i,
i = 95767.41;

whenceit follows that there ae odds alittl e lessthan ore ajainst one that al the
tickets will exit after 95767 drawings, and that there ae odds a littl e more than
one against one that they will exit after 95768 drawings.
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